Quadrilaterals

Cuadrilaterals, which we also call 4-gons, occur everywhere in daily
life, For example, we often see flooring made of square tiles. We say that
the floor has been ‘tiled’ using those sguares.

Can we use any given guadrilateral o tle the plane? If not whidx
quadrilaterals can be tsed and which canmort?

Recall that tiling the plane means covering it with capies of the
given shape or shapes without gaps or overlaps. Tiling the plane with a
rectangle is easy, but it seems difficult with an irregular guadrilateral.
We will answer the above question at the end of the chapter (can you do
It now?) and understand the answer using what we learn in this chapier.
However, to start with, we will discuss a simple new example of a tiling.

Imagine that tiling with rectangles is done using a grid of two sets
of long wooden sticks, one set horizontal and the other set vertical.
See Fig, 12.1A.

Fig 1214 Fig 1218
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These sticks are pinned together at each Intersection point such
that they are free to rotate about those points. Now suppose you pick
up this grid. You hold the bottom stick fixed with one hand and push
the vertical side with the other. See Fig. 12.1B. Each set of parallel lines
will stay parallel but the angle between the two sets will no longer
be 90° Thus we see that the plane can be tiled using copies of any fixed
parallelogram.

In this chapter, we will ask and answer several questions about
quadrilaterals, paying particular attention to parallelograms, We will
investigate their properties, examine ways to recognise them, and
see important applications in geometry. At the end, we will answer
the guestion above about whether one can tile the plane with a given
gquadrilateral.

12.1 WHAT EXACTLY 13 A QUADRILATERAL?

Informally, a quadrilateral 1s a figure with four straight sides, as in the
flrst figure ABCD in Fig. 12.2 below. But consider the other six figures in
Fig. 12.2: the five plane figures NOPE, SILY, DART, CUTS, OPENS and the
non-planar BENT, Should we call all these figures quadrilaterals? Tf you
answer ‘no’ for any of them, how will you define a quadrilateral so that

such a figure is excluded? As you can see, some care is needed to precisely
define what we think of as a2 quadrilateral.
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To prepare, let us first consider how we can define a triangle. Let A, B
and C be three points. Can we say that AABC consists of points on the
three line segments AB, BC, CA? Yes, provided A, B, C are not collinear.
Otherwise, we just get a line segment; see Flg. 12.3.

A i/ C

Fig. 12.3; Not a trigngle

When A, B, C are non-collinear, we call them the vertices of AABC
and the three segments AB, BC and CA the sides of AABC.

Think and Reflect
Can we similarly define s quadrilateral ABCD?

Take any 4 distinct non-collinear points A, B, C and D. Will segmenits
AB, BC, CD and DA always form a quadrilateral as we visualise if?
See figures NOPE, SILY, DART, CUTS, OPENS and BENT in Fig. 12.2 again.
Do you see, OPENS that there are some subtle new issues to consider?

First, to rule out examples like NOPE and SILY, no three vertices
should be collinear. Otherwise, the two adjacent sides formed by the
three collinear vertices will be along the same line, giving a triangle like
NOPE or a figure with overlapping sides like in SILY.

Second, to rule out examples like BENT, all four vertices should be
in the same plane. Four-sided fipures like BENT are called non-planar
gquadrilaterals. We will study only planar quadrilaterals (except in a
few exercises).

Third, do we want to call CUTS a quadrilateral? The answer depends
on what we decide! Ordinarily, CUTS is naot considered a quadrilateral.
If we want o include it, we cail it a seli-intersecting quadrilateral.

Can you come up with a definition that rules out self-intersecting
guadrilaterals like CUTS? Answer: we should require that all the points
of the quadrilateral, other than the vertices, must lie on exactly one side,

Can you see how to rule out figures like OPENS?

Putting together all three requirements, we get the following
definition.

Definition 1. Suppose A, B, C, D are four distinet points in a plane,
Then the points on the 4 segments AB, BC, CD and DA are said to form
quadrilateral ABCD if every such point other than A, B, C, and D lies on
exactly one of these [our segments.
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Now that we have precisely defined a gquadrilateral, let us give
similarly precise definidons of familiar terms associated with a
quadrilateral.

4, B, C, D are called the vertices of quadrilateral ABCD; segments AB,
BC, CD, DA are its sides or edges; segments AC and BD are itz diagonals.
The two endpoints of a side are called adjacent vertices. Two sides
with a common endpoint are called adjacent sides. A quadrilateral has
4 internal angles, each formed at a vertex by a pair of adjacent sides.
Internal angles at adjacent vertices are called a pair of adjacent angles.
How will you defling opposite sides? Opposite angles? See Exercise
Set 121,01,

Note that quadrilateral ABCD can also be denoted as BCDA, CDAB,
DARC, DCBA, ADCH, BADC or CBAD but not by any other sequence of
vertices. {(Draw ABCD and trace the vertices in various orders to see why.)

When we refer to a gquadrilateral, we always mean a planar
non-self-inersecting quadrilareral, unless stated otherwise.

Convex Quadrilaterals

Should DART in Fig 12.2 be considered a gquadrilateral? It seems
different from our usual mental picture of a quadrilateral because it
has a dent, as if someone has taken a bite out of triangle ART! We call
DART a non-convex quadrilateral.

A A convex quadrilareral is

A - = M ome without 4 dent. How can
F/— D we define this precisely? We
can see In DART that at the

dent at vertex D, the internal

5 g T angle iz more than 180° So
All angles < 180° £+ 180° we call a quadrilateral convex
when alf of its internal angles

Internal angles of convex and non-convex 4-gons
RS i are less than 1807,

Fig. 124

There are other ways
of testing convexity. For
example, visually werify
that the diagonals of a

B CONVex gquadrilateral
intersect while those of a
non-tonvex quadrilateral
don't intersect.

D COnvex C T Non-convex
Flg. 12.5
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Figures having 4 vertices and 4 sides

Planar
Kanail-interanmmng
Hon-Convesd-gon
' neil Damal
| Inmeresrting Quadrilaterls
| Plannr d-gon

Corves &g

Venn Magram Représentation

4-gons that do not fit your mental image of a guadrilateral may
look sirange. Do we really need to care about, o.g, self-intersecting
4-gons? Yes, because they do occur in real life, such as in 4-har linkages,
Linkages are widely used mechanical devices with several interlinked
bars. Some ends of these bars are fixed, while other interlinked ends
are free to rotate around the fixed ones, Search the internet for a
video showing how linkages move, Linkages can attain a range of
configurations, indluding non-convex and self-intersecting figures, as
shown below. So engineers have to take such figures into account.

QNYW

1. Let ABCD be a quadrilateral
(i1 List all sides of ABCD adjacent to side AB. List all sides
opposite lo AB.
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(ii) Listall angles of ABCD adjacent to 2£A. List all angles opposite
to. <A
{iii} Define a pair of opposite sides and a pair of opposite angles
without using the names of the vertices.

*2.  You have used internal angles of quadrilaterals, but they too
require an exact definition, just like how we gave one for a
quadrilateral. Precisely define the internal angle of & quadrilateral
at a given vertex. Your answer should work for a non-convex
quadrilateral too. (Hint: use the opposite vertex as well.)

3. In a gquadrilateral ABCD, suppose AB|DC, Can ABCD be
non-convex? What if we instead assume AB - CD? What if we
instead assume £A& = JCT

4. Consider three non-collinear points A, B, C and draw the
lines AR, BC, CA. For every possible location of point D in the
plane outside these lines, decide if ABCD is self-intersecting,
non-convex, or convex. (Hint: the three lines divide rthe plane
into 7 regions.)

5. Can a quadrilateral be both self-intersecting and non-planar?

12.2 PARALLFLOGRAMS

As we studied in Grade 8, parallelograms are quadrilaterals whaose
opposite sides are parallel. They include rhombuses, rectangles
and squares and form a very important and widely used class aof
guadrilaterals.

To test if a given gquadrilateral is a parallelogram, do we have to
check that the opposite sides are parallel? Are there other ways to test
this? To answer this, recall the following properties of a parallelogram
thar we proved last yean

Theorem 1;
{a) The opposire sides of a parallelogram are equal.
() The oppozire angles of a paralleiogram are equal
(¢} The diggonals of a parallelogram bisect each other.

It is usually interesting to examine if conwverses of known theorems
are true. If the converse of any of the three properties is true, it can be
used as an alternate way to show that a quadrilateral is a parallelogram.
To explore this, let us write the converses. For this, we fArst write (a], (h)
and (c}in “If ... then ..." form.
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(a) If a guadrilateral is a parallelogram, then itz cpposite sides
are equal.
Converse: If the opposite sides of a quadrilateral are equal,
then it is a parallelogram.
Is this converse statement true?

(b} 1fa quadrilateral is a parallelogram, then the opposite angles
are equal.
Converse: If the opposite angles of a quadrilateral are equal,

then it is a parallelogram.
I= this converse staternent troe?

{c) Ifaquadrilateralisa parallelogram, then its diagonals bisect
each other.

Converse: If the diagonals of a quadrilateral bisect each
other, then it is a parallelogram.
Is this converse statement true?

Can yvou experiment and guess whar the answers are?

It urns out that all three converse siatements are true. To
demonstrate this, it is useful to recall how we had proved Theorem 1:

Proof of Theorem 1:

A ¥ A . B A -
X 2 18-
) E
e I 1BOF-_
0 c D o C 7] c
{a) (k] [c)

Fig 125

Proof of (a): In the parallelogram ABCD, AC is a transversal for
AB | DC and also for AD || BC. 50 we get AACD = ACAB by the ASA test.
Therefore, AR = DCand AD = BC.

Proof of (b): BC || AD with AH a transversal. Therefore <A + /B = 180° ax
they are interior angles on the same side of this transversal. By similar
reasoning, any two adjacent angles add up to 180°. By using algebra,
LA=C8nd £B = £D,
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Proof of (c): Call the intersection point of the two diagonals E. Using
property (a), AAED = ACEB, by ASA or AAS. So EA = EC and EB = ED,
which means that E is the midpoint of both diagonals.

We will now deduce the converse statements. To prove the converse
of a known theorem, we can (ry to run the original proofl backwards.
This strategy may or may not work. (For example, the reasoning
“If x =y, then ¥* = y*" cannot be reversed, because x and v may have
opposite signs, e.g., we could have ¥ =3 and y = -3.) When the strategy
does work, we should be careful to give proper justification for each
step in the backward direction.

Theorem 2 (converse of (a)): If the opposite sides of a quadrilateral
are of equal length, then it is a parallelogram.

A
[

Fig. 12.7: Converse to {a)

Proof: Let ABCD be this quadrilateral. AACD = ACAR by 585, so
corresponding angles are equal. Using mransversal AC, we get AR || DC
and AD | BC.

Pay close attention to how the above proof retraces the proof of
(a) backwards: Both proofs go via the same congruence AACD = ACAR,
but the two proofs use different tests to justify the congruence (ASA vs
555) and draw different conclusions. Try 10 use the same ‘backward
retracing’ strategy for the remaining converses,

Theorem 3 {cnnuerse of (h)): If the ﬂppﬂu te angtes of a guadrilateral
are equal, then it is o paralielogram.

Proof: Lat ABCD be this quadrilateral, Because £A = /Cand #/B= 2D,
we have

60" = LA+ LB+ LU+ LD =2 LA+ ZB)= ALB + LL).

Fig, 12.8: Converse (o (h)
26% =y = 360"



ueadrilaterals 29

Therefore ZA + ZB = £B + £C = 180° As in the proof of (b), we
use the fact that AB is a transversal for the pair BC and AD, By
LA+ £B = 180° we deduce BC | AD. Similarly, we get AB || DC by using
LB+ £C = 180°

The angles of a quadrilateral add up to 360%, Therefore, if the opposite
angles are equal, what can we say about adjacent angles? Is the converse of
your answer true? Conclude that Theorem 3 can also be stated as follows,
“If each pair of adjacent angles in a quadrilateral ABCD...then ABCD Is a
parallelogram.” Fill in the biank.

Theorem 4 (converse of (c)): A gquadrilateral whose diagonals bisect
each ather is a parallelogram.

Proof: Let ABCD be this quadrilateral. Let E be the intersection
point of the diagonals AC and BD. As EA = EC and EB = ED, we have
AAED = ACEB by 5AS. Now using #DAE = <#ECH along with rransversal
AC, we got AD || BC. Similarly, AEAB = AECD gives AB [ DC.

A B

/

1] C
Fig 12.9: Converse (o fc)

Finally, there is one more useful test to check if a given quadrilateral
ABCD 15 a parallelogram.

Theorem 5 (equal parallel sides test): A quadrilateral with one pair
of equal and parallel opposite sides is a parallelogram.

Proof: Suppose In a quadrilateral

A B ABCD we have AB | DC and AB = DC.

Let E be the intersection point of

the diagonals AC and BD. (Why must

the diagonals intersect? See Exercise

L — Set 12.1, 03.) We have AEAR = AECD

B t by ASA. 50 the diagonals bisect each

Fig. 12.10 other. By the converse of (c), ABCD is a
parallelogram.

W
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1. True or false?
{i) A parallelogram with a right angle is a rectangle.
(ii) A rhombus with perpendicular diagonals is a square.

{iii) 1f the diagonals of a parallelogram are equal, then it is a
rectangle.

2. The diagonal AC of a parallelogram ABCD bisects ZA. Show that
It also bisects /Cand that ABCD Is a rhombus,

3. The following gquestions examine converses of true properties.
Answer them with Yes or No. If vour answer is No, what extra
condition can vou add so that the answer becomes Yes?

(i If the diagonals of a quadrilateral ABCD bisect its angles,
must ABCD be a thombus?

(ii) Tf the diagonals of a guadrilateral ABCD bisect each other at
right angles, must ABCD be a rhombus?

(iii} If the diagonals of a guadrilateral ABCD are of equal length,
must ABCD be a rectangle? (In the ancient Indian study
of quadrilaterals, equality of diagonals was considered
significant. Quadrilaterals were first classified according
to whether their diagonals were equal or not, before
considering egquality of sides.)

4. Let ABCD be a parallelogram
with AB = BC. Show that the
palrwise intersection pointsof
the four angle bisectars form
the wvertices of a rectangle
(see Fig. 12.11), Why did we 4
assumea AB =« BCY Fig 12.11

12.3 APPLICATIONS OF PARALLELOGRAMS

We saw that parallefograms have several nice geometric properties,
These propertics make the parallelogram a versatile shape with
many real-world applications. In physics, a fundamental law uses
parallelograms (o combine certain physical quantities like forces, as you
will learn in a later year. Parallelograms are used in several mechanical
linkages, such as the parallel motion linkage discovered by James Waitt,
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| which formed an important part of his steam engine. His design used
the concept behind another parallelogram-based device called a
]:larlt::lgraph which can make exact scaled copies of a drawing; search the
internet for a video showing how a pantograph works. It is ingenious!

Schematic drawing of a pantograph

Parallelograms also serve as a powerful tool within geometry. Let
us lustrate this by using parallelograms in a clever way to prove
an important fact abour triangles. We will discover this fact through
exploration.

12.3.1 An Important Property of Triangles

On a piece of paper, draw and
then cut out two copies of the
same triangle. Keep one copy
aside, On the other, mark the
midpoint of each side. (You can
do this by folding the paper to
join two vertices at a time.) Draw
the triangle made by the three
midpoints and cut the paper along
each of these lines. Now you have
: four smaller triangles. Compare
Fig. 122 them to each ather and (o the
intact copy of the original triangle.
What do you notice?

It appears that all four smaller triangles are congruent to each
other! And each seems to be a smaller copy of the original triangle.

Verify that this pattern holds for triangles of other shapes.
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Try to prove directly that the four smaller triangles are congruent. You
will see that no congruence fest applies, because many quantities are
unknown.

L

Here is one idea. The difficulty might be because we are considering
too many new things at once: three new points and three new segments.
Can we try to break this down into steps?

Let us see what happens with

just one of the three new segments.
Can you make a guess about this
new segment, specifically about its
direction and length compared with

the unused third side? The triangles
you cut earlier will help. It appears
that the segment is parallel to the

Fig.12.13 third side and has half the length! Let
us try to justify this using reasoning.

Geometric reasoning: To set up, suppose that in AABC, P and () are
the midpoints of side AB and AC respectively. Now comes the key idea.
Construct the line ! through C parallel to BA. Suppose it intersects line
P() at point R

{See the comment about this line immediately after the statement of
Thearem 6.)

A
' InAAPQand ACRQ, we have AQ=CO,
SAQP = £COR (vertically opposite

angles] a.ru:l
= LCROQ {(since AP|RC by
cu-ns.tmcuun']

50 AAPQ = ACRQ by AAS.

Fig. 12.14

Therefore PQ = QR (by congruence) = R} and CR = AP, Combining
CR = AP with AP = BP, we get CR = BP. Hence by Theorem 5
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fequal parallel sides (est), BCRP 15 a parallelogram, This gives

PQ || BC and also PQ =ER =BE  we have deduced the following important
fact. :

Theorem 6 (Midpoint Theorem): The segment foining the midpoints
of two sides of a triangle is paralle!l to the third stde and has half the
fength.

In the reasoning for this theorem, the idea to take a completely
new line | appeared out of nowhere, and worked like magic. What
15 your reaction to this? Do you feel a sense of wonder? Do you
perhaps feel discouraged because it seems impossible to think of
such an idea on your own? This type of auxiliary construction is
a classic geomelric trick thal one ledarns with experience, so no
need to be disheartened! See Exercise 15 at the end of the chapter
for another proof that uses a different, slightly less magical
construction,

Can you now prove the original claim about cutting AABC into four
comgruent parts by using midpoints of all three sides? You are asked to
do this in Exercise Set 12.3 Q1 below.

Think and Reflect

Read the statement of {he Midpoint Theorem again. The following
gquestions seem natural o ask. What can we say abour (1) a segment
PQ (with P on side AB and Q on sidas AC) that is parallel to the third
side and has half the length; and (2) the line that passes through
the midpoint of one zide and is parallel to another side? We wiil
address question (1) in Exercise 22 at the end of the chapter. For
now, experiment and see if you can make a guess about question (2}
It appears that this line must bisect the remaining side® Let us ey o
justlly this.

Geometric reasoning: To set up, take AABC and suppose the line
through midpoint P of AB, drawn parallel to BC, meets AC at point Q.
Again draw the line paraliel to BA rthrough C, intersecting line P{) at
point R. Tracing the proof of the Midpoint Theorem backwards works
easily as follows.
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BCRP is a parallelogram, sa CR=BE
A BI = PA and ~AQP = 2#COR (vertically

opposite angles),

Combining with CR || BA, AAPQ = A CRO).

R
r——s L, (Why?)
This gives two equalities.
o First, AQ = QC, so () is the midpoint
B € of AC.

We have deduced the following importans fact. It can be considered
a converse of the Midpoint Theorem, for reasons we will see
Exercise 22 at the end of the chapter.

Theorem 7 (Converse of the Midpoint Theorem): The fine drawn
throwgh the midpoint of one side of a triangle and paraliel to another side
bisects the third side (and the resulting segment has half the length of the
parallel side),

Let us see a different reasoning to justify Theorem 7, Read this short
proof carefully.

Another proof of Theorem 7. Recall
our previous setup: the line parallel to
BC through midpoint P of AB meets AC
at point . Ignore this line for now and
ingtead consider the midpoint M of AC.
We want ro show M = (). We have PM || BC
by the Midpoint Theorem. Therefore
line PM = line PQ), because there is a
unigue line parallel to BC through P
Ag lines PM and PQ coincide, they must
Fig. 12.16 intersect AC in the same point. Thus M =

(). This is what we wanted!

We used the Midpoint Theorem to prove its conversel This may
look like cheating because, as emphasised earlier, the truth of a
statement and of I8 converse are separate {ssues, But there is no
mistake here, There is a key new point in this proof, namely that
there is a unigue line through 4 given point and parallel to a ghven
line. This proof illustrates that sometimes we can use a theorem to
Prove its Converse.
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In Grade 10, we will generalise Theorem 7 by dropping the condition
that P is the midpoint of AB and assuming only that PQ || BC. Can you
guess the conclusion in this case? (Hint: the name of the more general
theorem includes the word proportionality.)

12.3.2 A Surprising Property of Medians

The Midpoint Theorem allows us to deduce an important fact about
triangles. Let us discover it experimentally. In AABC, suppose P, ©
and R are the midpoints of side AB, AC and BC respectively. Instead
of joining the midpoints with each other as we did earlier, draw
segments AR, B) and CP. These are called the medians of AABC, What
do you see? Repeat this for several triangles and see that the three
medians always seem to be concurrent, meaning they pass through
d common point!

There is more! Assume for the
moment that the medians are always
concurrent. Let M be the common point
where they meet. Compare the lengths
of the two parts CM and MP of the
median CP, and do the same for the other
two medians. Do you see a pattern? It
appears thatthe ratic CM: MP=2:1. We
will now show why this is always true.

Ll 12.17

Geometric reasoning: It seems difficult to keep track of the three
medians at once, so let us first examine only two medians CP and
B0). Call their intersection point M. We want to show that CM = 2MP
and BM = ZM0Q.

We have not vyel seen
any theorem that gives a
2:1 division of a segment,
The Midpoint Theorem only
gives a 1:1 ratio. So to show
that CM = 2ZMP, one idea is
to bisect CM and try to show
that the resulting three parts
Fig. 12.18 of CP are egual.

Let Y and X be the midpoints of CM and BM respectively. Now
we can use the Midpoint Theorem in AABC and in AMBC! We get
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that PG and XY are parallel to BC and hence to each other Moreover
PQ=XY= B]g"‘ J50 AMPOQ = AMYX by ASA (How?), Therefore M) = MX = XB

and MP = MY =YC. This shows CM:MP=211=BM: M(Q.

What about the third median AR? We can repeat the argument in
the previous paragraph with medians AR and BQ! Let N be the point at
which the AR and BQ) intersect.

/’@f :
q

Eﬂ'—ﬂ_'fﬂ Wy

Fig. 12.19

Now the same reasoning gives BN :NQ =2:1= AN: NR. (Use Fig. 12.19
if you wish to repeat the reasoning.) We already had BM: MO = 2:1,
g0 BM:MQ =21 =BN:NQ. Bur this means M and N have to be the same
point, because there is only one point that divides BQ in a given ratio.
Thus M lies on all three medians and divides each median in the ratio
2:1. We have deduced the following important fact.

Theorem 8: (Centroid Theorem) The three medians of AABC pass
through a commeon point, which divides each of the medians in the ratio
211, with the longer part connecting to the vertex. This point s called the
centroid of AABC,

Think &ndREﬂEﬂ

Give another prool of the Centrold
Theorem using a clever constrocdon
that we will describe only partly and ask
vou to complete. Once sagain ler M be the
intersection point of the two medians
CP and BQ. We want to show thai the
intersection point of line AM with side BC
is the midpeint of BC. For this, extend AM
up to & carefully chosen point § such that
BSCM becomes a parallelogram. (Hint: To
arrange MC || BS, first note that PM and MC
are along the same Hne. Now where should
M be on segment AST l}nmraurplaﬂmmt
of § also prove MB || C57)
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We started this section by examining the triangle formed by
midpoints of the sides of a triangle. What happens if we use midpoints
of the sides of a gquadrilateral to make another guadrilateral?
Experiment and see what this new quadrilateral looks like, It appears
to be a parallelogram! Let us try to justify this using reasoning.

Geometric reasoning. Suppose
the midpoints of sides AB, BC, CD and
DA of a quadrilateral ABCD are P, 0,
R and S respectively. The Midpoint
Theorem applied to AABC and to
AADC pives, respectively, PQ | AC
and SR|AC. So PQ|SR. Using the
Midpoint Theorem in ABCD and in
ABAD gives QR | PS. Therefore PQRS
Fig. 12.21 is a parallelogram.

We have deduced the following interesting fact, also known as
Varignon’s theorem.

Theorem 9 (Midpoint Theorem for Quadrilaterals): The midpoints
of the four sides of a quadrilateral are the vertices of a parallelogram.
This is called the Varignon parallelogram of the original gquadrilateral

1. (i) IfPQ, R are the midpoints of sides AB, AC, BC respectively of
AABC, show that APQR s congruent to AQPA and to two other
triangles which yvou should identify.

(if) Suppose someone erases AARC, leaving only APQR on the
paper. Can you reconstruct AABC from APQR?
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2. In AABC, let M and N be midpoints of AB and AC respectively.
Let I be any point on BC. Show that MN bisects AD.

Fig. 12.23

3. Ina quadrilateral ABCD, suppose AB | DC and AB # CD. Suppose
G and H are the midpoints of AC and BD respectively. Prove that
GH | AB. (Why did we assume AB = CD?)

A A

Fig. 12.24

4. Supposethe midpointsofsides AB, BC, CD and DA of a quadrilateral
ABCD are P, Q, R and S respectively.
(i) Show that PR and Q5 bisect each other.
(i) Show that if AC = BD, then PR and QS are perpendicular,
1s the converse true?

5. Suppose PORS is the Varignon parallelogram of ABCD.

Fig. 12.25

(i) Copy only PQRS on another paper Show how you will
recreate a congruent copy ABCD' of ABCD from PQRS. This
will be relevant when we return to study tilings at the end of
this chapter. (Hint: How will you place vertex A7 How will
you place B, C and D'?)
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{if) There are mulliple ways to construct ABCTY in (i). Justify
why the quadrilateral AB'CD' you constructed is congruent
to ABCD. You may need to show why 5 is collinear with
the points A’ and D' that you constructed, and similarly {or
F, ) and R (Hint: Use congruence of triangles, for example
ASDR = ASD'R. )

(ili) Show that if PQRS is a square, then AC and BD are
perpendicular and equal. Prove the converse.

12.4 TILING THE PLANE USING ANY 4-GON

There are many ways to tile the plane, using a single shape or multiple
shapes, leading to beautiful pictures. These occur In mosaics in several
anclent civilizadons to more recent artwork, such as that of M.C. Escher,
In nature (for example, a honeycomb) and in decorative patierns we

We will see how the plane can he
tiled with any given 4-gon, not just
a parallelogram as we saw at the
beginning of the chapter,

Before you see the answer in
Fig. 12.28, see the hints below and try
to find a tiling using the given irregular
4-gon SOME. First, trace SOME on
Fig. 12.26 paper with its four angles labelled

' 1, 2, 3, 4 Remember that they add up
to 360°, Cut out 15 identical copies.
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Throughout this section, we will focus on experimental verification
of our methods, However, you are encouraged to ry {0 prove, on your
own, that they waork.

Think and Reflect

sSuppose we have a tiling of the plans, Consider any vertex. As we go around
this vertex and consider the angles made by consecutive lines, the total of
these angles must be 3607, This suggests an Idea. Whal if we take 4 coples of
SOME and 0t them together around a common point so0-that each angle is
used once a8 we go around?

There are multiple ways of doing this, as shown in Fig. 12.27. Can you
use any of these ways to continue fitting further copies of SOME to tile
the plane? Try it with the 15 copies you made!

=27

Fig. 12.27

Here is how one can tile! Recreate it with your pieces.

Fig. 12.28

How can we understand the figure? There seems to be a repeating
pattern. (1) Can you precisely describe a procedure to draw the pattern
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s0 that someone can draw the tiling on their cwn, based only on your
description? (2) Can you justify why your procedure works?
We will sketch two methods and ask you to complete the details,
Method 1: We start with two copies of SOME, one exactly above
the other. Rotate the top copy by 180° arcund the midpoint of OM. The
rotated copy aligns with the original copy perfectly along the shared
edge OM.

Fig. 12.29

Now repeat this procedure at each edge of every copy of SOME
that you add. Verify that this will result in a tiling] Two steps of
a possible contnuation are shown in Fig. 12.30. The frst step
(Fig. 12.30 A) adds 4 coples around the starting copy and the second
step (Fig. 12.30 B} adds 4 more coples. Note two interesting things about
the second step: (1) each new copy can be obtained by rotating any one
of its neighbours, and both wavys give the same result, (2) The new copies
fit perfecily. Can you explain these [acts by reasoning? This is needed to
prove that the method works!

Do you see which of the three possibilities shown in Fig. 12.27 occurs
in the tiling?

Flg 12304 Flg. 1230 8
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Method 2. Before we explain Method 2, let us conduct a thought
experiment. Bemember the Varignon parallelogram for 4-gons
(Theorem 9). Imagine that we have drawn this parallelogram in each
copy of SOME in the tiling shown earlier in Fig. 12,28, Visualise what
the picture locks like. Fig. 12.31 shows the result: It appears that the
Varignon parallelograms form a grid, giving the same parallelogram
tiling we saw in the introducrion!

This suggests an idea. What if we start by drawing just the simple
grid tiling made by the Varignon parallelogram of SOMEY Can we use
this grid to construct the new tiling by SOME?

Flg. 12.31

A grid of Varignon paralielograms of SOME is given in Fig. 12.32. Ta
begin with, focus only on the 9 green coloured copies of SOME In Fig. 12.31.
We will first place only these 9 coples in Fig. 12.32. The corresponding
parallelograms are shaded in Fig. 1232, Place 9 coples of SOME
50 as to match the way the green coloured coples of SOME are placed in
Fig. 12.31 (You were asked to give a precise description of how to do this
in Exercise Set 12.3, Q5.) If done carefully, you will cbserve that each
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4-gon 'mu placed meers other placed copies exactiy at vertices, Now see
hr:-‘i.'. i copies of SOME are made automatically in the gaps! Carefully
place four more copies of SOME (n these gaps. Continuing this process
with more copies of SOME will give us the desired tiling,

Fig. 12,32

It should be emphasised that our procedure needs to be justified to
assure us that it will always work. We will not do this here, but invite
VoL to Iy it on your ownl

Mathematicians have found many Interesting ways 1o tie the plane using
i small set of shapes. Some. of these, called aperiodic (Hings, turnad ow
to- be uwieful (o describe atomic arrangemoents of quasicrystals—new
physical structures that were discovered some tdime later The discovery
of guasicrystals, made by Dan Shechtman, was very surprising hecause
the atomic arcangemment wasoutside what was then consldered physically.
possible. it led to a broader sclentific understanding of the namre of
order in solids. Dan Shechiznan won the chemistry Nobel prize in 2011 for
his discovery.
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The ﬂ:rlluwing Eh&pﬂ-meﬁnt of itz :I-:md.l— that
leads to aperiodic rlings was discovered only
recently in 2023 by a team of four mathematicians
(Smith, Myers, Kaplan and Goodman-Strauss),

Cut out 15 identical coples of the [ollowing
-ahﬂpeﬂmmm as the ‘hat') and start to tlle with i@,
Do you see any pattern? You will find that the hat
shape will tile the plane endlessly, but without
EVET quite repeating the same patiern. That 1z
why it is called an ‘aperiodic” tiling,

1. Justify why the plane cannot be tiled with a regular pentagon.
(Hint: Read the first 3 sentences of ‘Think and Reflect’ in the
section on tiling.) (There are many ways to tile the plane using a
sultahle irregular pentagon. The most recent method was found
in 2015.)

A= a=]

B =135 gl

C = 105° "3

D= 90 - 1

E = 150° (3 -1)
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2. Draw a non-convex 4-gon DART. Show how we can tile the plane
with copies of DART. Both methods that we discussed earlier will
work. Which do you prefer?

1. Using a fact about parallelograms, show how to tile the plane
using any given triangle. (Hint: Can you use the parallelogram
tiling in the introduction?)

2. Mark the midpoint of the line drawn on the paper (see Fig. 12.33),
given that the horizonial lines are equally spaced. Justify your
ATISWET,

e
S R

Fig, 12.33

3. You know that the sum of angles of a quadrilareral is 360°%, even
for a non-convex quadrilateral. (Recall the proof.) Now consider a
sell-intersecting quadrilateral ABCD, where AB and CD intersect
at point E. Show that #A + #B + ~C+ 2D < 360°. Can you construct
ABCD such that £A + AB + £C+ 2D= 277

4. In a parallelogram ABCD, two points P and @ are taken on
diagonal BD such that DP = BQ (see Fig. 12.34). Show that APCQ) is
a parallelogram.
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5. Aright-triangle shaped cutout of a paper is [olded such that point
A touches point B (Fig. 12,35). Show that the crease line can be
used to find the midpoint of not only AB but also that of AC.

Step 1 Step 2

Ay

Fig. 12.35

6. You saw how (o use the Midpoint Theorem to divide a given
triangle into 4 congruent triangles. Can we divide a triangle into
3 congruent triangles? This exercise shows us how to do that and
more, provided we are allowed to cut and reassemble,

(i} Draw medians AP, BQ and CR of AABC, mesting in a commaon
point M. Cut along each median to get 6 triangles. Show with
justification how to assemble the 6 pieces into 3 congruent
triangles! (Hint: Align AMPE and AMPC along equal sides PB
and PC, matching P with itself and B with C.) Prove that you
get a triangle, What are its side lengths?

*{ii} Repeat the procedure with each of the 3 assembled triangles
you got in (). Show that each of the resulting 9 riangles has
sides % : %5 and i!‘g':; -

The procedure and the result above were unnoticed till
2014, when they were discovered by Lee Sallows, an amateur
mathematician!

(iii) Naturally, we can next ask about the possibility of cutting a
triangle and reassembling it into 2 congruent mriangles.
You were asked this question in the chapter Measuring
Space: Perimeter and Areqa. Can you solve this now?
(Hint: Use median AP in AABC and then a median of AAPE.)

For any two given figures with straight sides, we can ask
whether one figure can be cut (using only straight cuts) into
pieces and reassembled to make the other, This notion is
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called scissors congruence. The figures need not be in the
plane. Research on such guestions at a higher level is ongoing,

7. A more general midpoint theorem and its converse. In a
guadrilateral ABRCD, suppose AB || DC. Recall that such ABCD is
called a trapezium. Let E be the midooint of AD. A line drawn
through E intersects side BC al F,

ek

i}

Fig. 12,36

(iy If EF || AB, then show that F is the midpoint of BC. Conclude
that EF = I&B._Et.{}m :

{if) If F is the midpoint of BC, then show thal EF || AB.

There are art least two ways (o solve (ii). Do it directly by
using the midpoint M of BD and showing that EM and FM are
the same lines. Or use (i) along with the same {dea used in
the second proof of the converse of the Midpoint Theorem.
Which way do vou think is simpler?

8.  The diagonals AC and BD of 4 parallelogram ABCD intersect at O.
A line through O meets AB and CD at points P and @ respectively,
show that O is the midpeint of PQ. (Multiple proofs are possible,
Which is the simplest?)

A

Fig. 12.37

*4.  ABCD is a trapezium with parallel sides AD =3cmand BC =5 cm.
Eand F are the midpoints of the non-parallel sides. Tind the ratio
of the areas of the 4-gons AEFD and EBCT.
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A 3 I

B 5 L
Fig. 1238

10. Consider 4 points A, B, C, D in the plane with no three caollinear.
Answer the following questions. Some answers may require you
to consider different cases, depending on how the points are
positloned in the plane.

(i) How many different quadrilaterals do they form i the
quadrilateral is allowed to be sell-intersecting or non-convex?

(i) How many of these gquadrilaterals are self-intersecting?
How many are convex?

11. Suppose P is a point on side AB of AABC and the line through
P parallel to BC meets AC in point Q. For parts (i) to {iii), assume

AP=1,AQ= 5, and see Fig. 12,39,

! A
,,,,p."-'q;\ F‘{ q
) i/ .

e

" S .
Flg. 12.39
(i} If PB =2 find QC. (Hint: See the dotted line)

*(if) 1f PB = find QC. (Hint: See the dotted lines)

“(iii) 1f PB = £ find QC.
(Hint: Divide both PB and AP suitably)

*{iv) Show that if%is a rational number, mm% = gjé .In Grade 10,
Ez:;];lup:eﬂ:t- ,_._1_:21: m&];;&;ﬂ&mut assuming 5 is rational.
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12, {i) Suppose ABCD is a parallelogram and M, N are midpoints
of AB and CD respectively. Show that segments DM and BN
trisect segment AC.

(ii) Use part (i} to find a procedure to trisect any given segment
PQ. Find two other ways to trisect P(), one using Exercise 11
dabove and a third using the Centroid Theorem.

R — i

M

Fig. 12.40

13. 15 the Midpoint Theorem for Quadrilaterals (Theorem 9) true
when the gquadrilateral is non-convex? How about when it is
self-intersecting? Experiment and check. The pictures may look
strange, but the theorem appears to be true.

(i) Can you explain why this is s0? See the geometric reasoning
in the text.

(ii) There is one exception: In a very special case the Varignon
parallelogram becomes a single segment. When will this
happen?

*{iil) Does your reasoning apply even when ABCD is non-planar?

14. Let P Q, K5 be [our points on sides AB, BC, CD and DA respectively
af a quadrilateral ABCD. Suppose PORS is a parallelogram. Must
B, @, R and 5 be midpoints of the respective sides? This can be
considered a possible converse question to Thearem 9,

15. (i) Complete the following proof of the Midpoint Theorem.
Extend segment PO beyond © until point 5. By how much
should we extend PQ?

A
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It would be good to be able to prove thar AAPQ = ACSCL (Why?)
Use this as a guide to specify the location of 5 and then complete
this proof.
(ii) Give a similar proof of the converse of the Midpoint
Theorem (Theorem 7). 5tart by extending FQ up o a
suitable point 5.
*16. Review all the properties of a rhombus/rectangle/square that vou
proved in Grade 8. Formulate a converse of each. Decide if the
Cconverse is true. There are many possibilities here!

*17. Show that the sum of angles of a non-planar quadrilateral is
always less than 360% Can you find a non-planar quadrilateral
ABCD for which #A+ 7B + /C+ £D=2%7
(Hint: Think of a diagonal, say AC, as a hinge around which
triangles ABC and ADC can rotate.) What happens to each angle
of ABCD as you do this rotation?

®18, Letussee a third method to tile the plane using a 4-gon.

Focus on only two coloured copies of SOME sharing a vertex.
What do you see? It appears that each 4-gon is just a shified copy
of the other. Let us see exactly how. Draw rwo copies of SOME as
shown in Fig. 12.42 so thart the diagonals EO and E'Q" are collinear
with O = E'. Now place a cutout of one copy on top of SOME with
diagonal EOQ drawn on it Slide this cutout $o0 that segment EO
moves along EQ' until EQO matches E'Q, Verily that your cutout
exactly matches SOME"

Fig 12.42

(i) Prove the exact match of SOME with SO'MTE' using four
parallelograms.

(ii) Follow the described procedore along each diagonal of
the starting coloured 4-gon in both directions 1o ger 4 new
4-gons. Using these 4 copies, repeat the procedure 4 more
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rimes o place 4 new copies, resulting in a 3 by 3 grid of 9
copies exactly like the 9 coloured copies in Fig. 12,42, These
9 copies meel each other only at vertices and once again the
blank spaces among them also form 4-gons congruent to
S0OME]

*19. Isthere a 4-gon with given side lengths?

fi) Recall the following fact about triangles and check it by
construction. For given positive numbers a, b, ¢, is thore a
riangle whose gides have these lengrths? The answer is Yes
exactly when the sum of any two numbers is greater than
the third. If we arrange the numbers in increasing order
(suppose @ < b < ¢}, then this amounts to requiring a + b = ¢,
(Hint: Start by drawing a segment of length c.)

{ii} Suppose a 4-gon has 2, 5, 11 as three side lengths. Can the
tength of the fourth side be 1007 Can it be 107 Can it be 17
What are the possible lengrhs of the fourth side?

(ili) For given positive numbers a, i, ¢, &, how will you decide if
there is a 4-gon whose sides have these lengths?

*20. Counting diagonals of a polygon,

(i) How should we define a diagonal of an r-gon? How many
diagonals does an n=gon have? Make a tahle for small values
of m. A 3-gon has no diagonals. A 4-gon has 2. How many
diagonals does a 5-gon have? A 6-gon? Try o find a pattern
and guess the answers for i =7 and n = §. Check your guesses
by systematic counting.

(i} Can you guess a formuia for the number of diagonals? How
many diagonals get added when we increase the number of
sides by 17 Can vou now justify why the formula vou guessed
is true for all n?

*211. 5um of angles of a polygon. What is the sum of angles of a

(planar non-self-intersecting) n-gon? We lnow that the answer is

180" for n = 3 and 360" for n = 4. Find the next few values, Then

find a formula in terms of n and prove it

*22. Multiple converses to a theorem. lLet us see how multiple
statements can be considered converses (o the Midpoint Theoram
and how Theorem 7 is one of them,

To formulate a converse we showld express the original
statement in “If ... then ...” form. For a complex statement, there
may be multipie ways to do thar, The Midpoint Theorem starts
with AABC and peints P and Q on sides AB and AC respectively
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The theorem has two assumptions and fwo conclusions, which
we have named for further discussion.

Assumptions: [P MID) P is the midpoint  {Q MID) Q is the
of AB, and midpoint of AC,

Conclusions:  (PRLL) P | BC, and (HALF) PO = Bif :

Let us use these four named conditions to discuss various
possible statements.

(i) A namural converse of the Midpoint Theorem would be; "If
{PRLL) and {HALF) are true, then (P MID) and { MID) are
true.” Write out this statement fully. Experiment and see
that it seems to be true! Prove the statement, (Hint: Try to
run a proof of the Midpoint Theorem backwards.)

{ii) To zee Theorem 7 as a converse of the Midpoint Theorem,
we first write the Midpoint Theorem as follows: “Suppose
P is the midpoint of side AB of AABC and Q) is 4 point on
side AC, Tf () is the midpoint of AC then PO} | BC™ {Also PO

%, but 1ot us set that nside for now.) Write the converse of

the second sentence in quotes by keeping the first sentence
the same. Verify that Theorem 7 is what you get! (And PQ =

% also follows.) Now write Theorem 7 in terms of the four

named conditions.

(iii} The discussion so far sugpests that it is reasonable to
take two of the four listed statements as assumptions and
agk if the other two are true. Verify that only one such
combination remains o be examined. “Tf (P MID) and (HALF)
are true, then can we conclude () MID) and/or (PRLL)™
Write this out in words, This is a precise version of question
{1) stated hefore Theorem 7. Can you answer it?

In the text, why did we focus only on Theorem 7 among the
multiple possibilities? Because Theorem 7 turns out to be
particularly useful, It is still important to pursue various
avenues while exploring a subject: often it is only after
examining multiple possibilities that we can judge what is
most valuable.

*23. Validity of tiling methods. Show using reasoning that each of
the three tiling methods we saw produces a tling of the plane



Ouadrilaternls ]

using the given 4-gon. You have to prove that when we place
new copies using any of the three procedures, the entire plane
i1s covered with no gaps and no overlaps. First, think carefully
about what it means to prove this. Then find a proof for each
procedure.

*24.  Whar fraction of the sgquare is shaded?

Fig. 1243

CHAPTER SUMMARY

* Quadrilateral: For four distinet points A, B, C, D in a plane with
no three collinear, the quadrilateral ABCD is a collection of all
points on segments AB, BC, CD, DA provided every point other
than A, B, C, and D lies on exactly one of these four segments.

* A quadrilateral is convex when all of its internal angles are less
than 180°, or equivalently. when its diagonals Intersect.

* The following converse statements about parallelograms are

true;

= [f the opposite sides of a 4-gon are equal, then it is &
parallelogram.

= If the opposite angles of a 4-gon are equal, then it is a
parallelogram.

° If the diagonals of a 4-gon bisect each other, then it Is a
parallelogram.

o 1f a pair of opposite sides of a 4-gon are equal and parallel,
then it is a parallelogram.
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* The Midpoint Theorem: the line joining the two midpoints of
any two sides of a triangle is parallel to the third side and has half
the length of the third side.

» A Converse to the Midpoint Theorem: the line passing through
the midpoeint of a side of a triangle and parallel to a second side
hisects the third side,

» Mediansof atriangle are concurrent and the point of concurrence,
called the centroid, divides each median in a Z:1 ratio.

» The 4-gon formed by joining the midpoints of a given 4-gon Is
always a parallelogram.

= The plane can be tled with any given 4-gon.




