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In Chapter 2 of Ganita Manjart, Part I, we explored linear patterns and
learnt about linear polynomials. In this chapter, we will go a step further
in exploring linear equations in two variables, by learning how to solve
a pair of linear equations.

13.1 Lrueen Equarous rN Two VepJasr,rs

Radha stops at a fmit cart. The price
tags say that mangoes cost t60 per
kg and bananas cost 450 per kg. She
buys some kilograms of mangoes
and some kilograms of bananas.
Altogether, she pays t280. Can we
express this situation as an equation?

Since we do not know how many
kilograms of mangoes or bananas
she bought, let us assume that

x = number of kilograms of
mangoes

y = number of kilograms of bananas

The cost of the mangoes is t60x and the cost of the bananas is t50y.
The total cost is t280. Hence, we can express this using the linear

equation
60xt50y=280.

Notice that the left-hand side (LHS) and the right-hand side (RHS)

of the equation both represent the same quantity, that is, the total cost
(in t).

The equation 60x + 50y = 280 is a linear equation in two variables.

Iff rwo variables, one Line

rJ.
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13.1.1 Standard Form of Llnear Equadons ln Tlvo Varlableg

Any equation that can be expressed in the form ax + Dy * c = 0, where c,
b and c are real numbers, and a and b are not both zero, is called a linear
eguation in Evo variables.

ax * W + c = 0 is referred to as the standard form of the linear
equation. Here a and b are the coefficients of the variables x and y
respectively and c is a constant.

It is useful to note the following:
(i) The coefflcients a and b and the constant c can also be

rational numbers. For example, fi, . tf, - ] = O is also a linear

equation in two variables in standard form. Howeve4 for
convenience, in such cases we often multiply the equation
by a suitable number to remove the fractions and write the
equation with integer coeffrcients. Here we can multiply by
20 to get the equation 5x + 12y - 10 = 0.

(ii) Equations of the type ax + c = 0 are special cases of linear
equations in two variables as they can be expressed as
ax + oxy + c = 0. For example, 7 + 4x = 0 can be written as
4x + oxy + 7 = 0, with a= 4, b = 0 and c = 7.

Example 1: Write each of the following equations in standard form,
ax + by + c = 0, and indicate the values of a, b and c in each case:

(i) 5x+2y=2.7 <irl i-+=|t (iii) a=1.sx-1.3y
(iv) 3Y = 5

Solution:
(i) 5x+ 2y =Z.l can be written as5x+ 2y -2.7 =0. Here a= 5,

b = 2 and c = - 2.7 . The equation can also be rewritten as

-5x -2y + 2.7 = 0. Inthiscasea=-5,b=-2,c=2.7.

$\ ;- 4= |r.rn be written as i -|t - += o.

Here a = L.t = -l andc=-4.2'2
(iii)   = 1.5x - 1.3y can be written as 1.5x - 1.3y - 4 = 0.

Herec=1.5,b=-1.3andc=-4. It can also be written as

-1.5x+1.3y+4=0. In this case a = -1.5, b =1.3 and c = 4.

(iv) 3y = 5 can be written as oxx + 3y-5 = 0. Here a = 0, b = 3 and
c=-5.
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1. Write a linear equation in tlvo variables in which a = 3, b = 0 and

.=-1.
5

Complete the following table after expressing the given linear
equations in standard form.

Linear equation
in two variables

2

y -75 = "fzx

3

5x=3y

(i) The cost of a notebook is twice the cost of a pen. Consider the
cost ofa notebook to be ft and that of a pen to be tp. Charlie
wrote t = 2& whereas Meera wrote p = 2t. Which of these
two representations is correct?

(ii) In a one-day International Cricket match between India and
Sri Lanka played in Nagpur, two Indian batsmen together
scored 176 runs. Manisha expressed this situation as
x + y = 176, where the number ofruns scored by one batsman
is x, and the number of runs scored by the other isy. Is this a
correct representation?

Standard
Form

Coefficient
ofx

coefficient
ofy

Constant
term

x=8

3J=r

Exencnr Srr 13.1

3y-2x=O
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13.2 SolunoN oF LTNEAR EquerroN rN Two Venrlsrrs
In earlier grades, we have seen how to solve linear equations in one
variable. What can we say about the solution of a Iinear equation
involving two variables?

13.2.1 Algebraic Meaning of Solution

A solution of a linear equation in two variables is a pair of values of x
andy which satisfi/ the given equation.

Let us consider the equation 3x + 2y = L2.
Here, x = 2 andy = 3 is a solution because substituting the values ofx

andy into the given equation satisfles the equation.
Note that, 3x + 2y = (3 x 2) + (2 x3') = 12.
Asolution canbewritten compactlyas apair ofnumbers. Forexample,

the solution x = 2 and y = 3 can be written as (2, 3). The order of the
numbers in this pair matlers: the flrst number is the x-value, and the
second number is the y-value. Hence we call this an ordered pair.

Similarly, (4,0) is also a solution of the equation 3x + 2y = 12 since
substituting x = 4 andy = 0 leads to 3x, 2y = (3 x 4) + (2 x 0) = 72.

What about the ordered pair (1, 3)?
We seethat 3x + 2y = 3 x \ + 2 x 3 = 9 + 12. So, (1, 3) is not a solution.

Think and Reflect

^* (,,;l(0,6), (4, o *u (rl,An 
)solutions 

orrhe equation 3x + zy = tz?

Can you find any other solution? How many solutions can you find?

Suppose we are given a linear equation in two variables. For any
value u that we assign to x, we can fird a value v fory such that (u, v)
is a solution. We first substitute u for x in the equation. This gives us a
new linear equation iny that can be solved to find v. This allows us to
generate an inflnite number of solutions to the original equation.

13.2.2 Geometric Visualisation of Solutions

Consider all the solutions of a linear equation in two variables,
expressed as ordered pairs. What do we get when we plot the points
corresponding to these ordered pairs?

The equation 3x + 2y = 12 can be rewritten as

2v = -3x + 72orv = - 3, * lZwhich is the same ss y =-9a * 622-Z
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D (4, 0) x-axls

5

4

3
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I

-l

c (1,4.s)

-3 -2 -1 0 7234 56

Fig. 13.1

We have already seen in the chapter on Linear Polynomials that
plotting the solutions of an equation of the form y = mx + d leads to a
straight iine joining them. Every solution (x,y) of the equation is a point
on the line.

Clearly the solutions of y = - fx * O are the same as those of

3x + 2y = 12. Hence the graph of 3x + 2y = 12 is the same as that of
v = - 3x * 6.-2

Example 2: Find any trvo soluti ons of 2x +y = 7. Draw the graph of this
equation. Use the graph to find 4 more solutions.

When we substitute x = 0 in the equation, we get (2 x 0) + y = 7,
that is,y = 7. Hence one solution is (0, 7). By substitutingy = 0, we get

2x + 0 = 7.that is, x = ]. rrru., fi, o) tr also a solution.
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We can represent these solutions or ordered pairs in the form of a
table.

Using these two points, we can draw the graph of the equation.

y-axis

D (2,3)

2

Fig. 13.2: Groph ofthe linear equation 2x + y = 7

_ From the graph, we see that (1, 5), (2, 3), (3, 1), 
L!,n) ".. 

,ro rolutions
of.Zx+y=7.

Note that an easy way of identifying two points on a line is to
substitute x = 0 in the linear equation and obtain the corresponding
value of y. This will give us the point where the line intersects the
y-axis, Similarly, we can substitute y = 0 and obtain the corresponding
value of x. Ttris will $ve us the point where the line intersects the x-axis.

ErrmEle $ tind any fi^ro solutions for each of the following
equations and draw their graphs:

(r) 4tr+3y=12 (ii) 2x+5y=0
Soludon:
(i) Substihrting x = 0 in the equatioru we get 3J = 12, that is,

y = 4. So (0, 4) is a solution of the given equation. Similarly, by substituting
y = 0, we 8et x = 3. Thus, (3, 0) is also a solution.

"j
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A(3,0) x-axis

\

5

4

3

2

1

B (0, 4)
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723 45
\

23,1 5 67

Fig. 13.3: Graph of the lineat equation 4x + 3y = 12

(ii) Substituting x = 0, we get 5) = 0, that is,y = 0. So (0, 0) is a solution
of the given equation. To get another solution, substitute x = 1. The
corresponding value ofy is - f. So, (1, - f) is also a solution. In fact, we
can substitute any value for x and obtain a corresponding value ofy.
For example, substituting x = 5 we obtainy = -2. Let us represent these
solutions or ordered pairs in the form of a table.

When we plot the ordered pairs A(0, 0), B
that they Iie on a line.

y-aris

A (0, 0) x-axrs

-2 -7 0

-1
aa, -o.<)

c (s, -2)

0 1 5

0
2-5

Fig. 13.4: Graph of the linear equation 2x + 5y = 0

x

(r, +) and C (5,'-2) we see
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Example 4: In the equations shown below a and b are unknown
numbers.

3oo<+4y=-2
2x+by=t4.

If (-3, 4) is the solution of both equations, find the values of
a and b.

Solution:
Step 1: Substitute (-3, 4) into the flrst equation, (that is, x = -3 and

v=4).
3a(-3)+4(4)=-2

or -9a+ 16 = -z. or -94 = -18or a=2
step 2: substitute (-3, 4) into the second equation.

2(-3)+b(4)=74
or -6+4b=14or 4b=20
or b=5

Think and Reflect

Four friends-Raniu, Meena, Farhan, and Toshi-are solving problems.

Raniu: I noticed something! If c = 0 in the standard form of a line
ax * by n c = 0, then the line must pass through the origin. Look, if I
substitute x = 0 andy = 0, in equation ax + D = 0,.the equation is satisfied.
So, the origin lies on the line! we can also say that the line passes through
the origin.
Farhan: Let us try for the equation 2x + 3y = 0. Here 4 = 2, b = 3 but c = 0.
If we substitute x = 0, then we get 3y = g ory = 0. This means (0, 0) lies on
the line. So yes, this line passes through the origin.
Toshi; Suppose our equation has b = c = 0, say,5x = 0. This becomes
x = 0 which is the equation ofthe y-axis. And the y-axis passes through the
origin.
Meena: And if we take a = c = O, say, 7y = 0, that meansy = 0, which is the
equation of the x-axis that also passes through the origin.

So, they conclude: Whenever c = 0, the line ax + by* c=0 will always
pass through the origin, i[espective of the values ofa or b, Do you agree
with them?
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1. Verify if the ordered pair (4, 3) is a solution of 5x - 6y = 2. Explain
your reasoning.

2. Find any tlvo solutions for each ofthe following eguations:

(i) 7x-3y=21 (ii) 2x+3y=5
3. In the equations given beloq m and n are unknown constants:

Zfia + gy = 7t 4x + ny = _10, If (2, _1) is the solution of both
equations, find the values of m and n.

4. Find two solutions which lie in different guadrants for each of
the following linear equations. Identifli the guadrants in which
the points lie.

(i) 5x+3y=7 (ii) 5x-3y=7
(iii) -Sx + 3y = 7 (iv) -5x - 3y = 7

Veriff your solutions by representing the linear equations on a
graph paper.

5. Consider the graph of the equation 3x - 7y = 21 shown below.' Does the point C (2, 3) Iie on the line? Does it satisfy the equation?
Can points that do not lie on the line satisfy the equation?

A(7

izjJ:i3t

Ercncrsr Sm 13.2
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6. State whether the following sentences are True or False. Justiry
your answer.
(i) A tinear equation in two variables has only one solution.
(ii) The graph of a linear equation in wvo variables always

passes through the origin.
(iii) A linear equation in two variables can never have rational

solutions.
(iv) x = 3 is a valid linear equation in two variables.
(v) The eguation 2x + 3y = 7 has inflnitely many solutions.
(vi) The point (1, 2) is a solution of the equation 2x + 3y = 7.

7. (i) Compare the solutions of the equations 3x + 4y = 7 and
6x + 8y = 14. Argue that they have the same set of solutions,
that is, every solution ofone is also a solution ofthe other.

(ii) Show that the equations ax + by = c and kax + kDy = kc, with
k + 0, have the same set of solutions.

13.3 Sropr-rNrERcEpr FoRM oE A LTNEAR Egueuou
IN TWO VARIABLES

13.3.1 Understarding Slope

Have you ever walked or cycled
up a steep hill? How did it feel
compared to walking on a flat
road? On a flat road, you can
move without much effort. But
as the road becomes steepel you
have to work harder to climb.

The steeper it is, the more
effort is needed to cycle.

In mathematics, the idea of
'steepness' of a line is called its
slope or gradient.

1. A po8itive slope means
going 'upward' as we
move from left to right.

2. A negative slope means
going 'downward' as we
move from Ieft to right.

#
t
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Fig. 13.5: (i) represents the case of a positive slope, whereas
(ii) represents that of a negative slope.

Case (i): case (ii):
horizontal step

positive
vertical step

negative
vertical step

horizontal step

Fig. 1s.s

Let us consider a Iine passing through tlvo points A(x, yr) and
B(xTyr).

y-axis

B(x,,)z)

Fig. 13.6

The horizontal distance between the tlvo points is (4 - xr) and is
often referred to as the Run. It tells you how far the line goes to the left
or right. Moving to the right means a positive run while moving to the
left means a negative run.

The'vertical distance between the two points is 0, -)r) and is often
referred to as the Rise. It tells you how much the line goes up or down
when moving from one point to another. If the line goes up, the rise is
positive. If the line goes down, the rise is negative.

The sloPe of a line = *r"B* = ++
Consider the graph of the equation shown in Fig. 13.7 which passes

through the points A (2, 0) and B (4, 3).

I
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y-axrs

A (2, 0)

B(43)

Rise = 3

x-axrs

3456789

4

3

1

-1 0

-1
_t

7234567
Run=2

Fig. 13.7

Point B can be reached from point A by moving 2 units along the
positive x-direction (the run), and 3 units along the positive y-direction

(the rise). Hence slope of the line = f# =;
Now consider the same line AB further extended beyond B as shown

in Fig. 13.8.

y-alis

B (4, 3)

A (2. 0) x-axls

D

c

9

8

7

6

5

4

3

2

7

-2 -1 0

-1

1

Fig. 13.8
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weceti=;
of the line using points A and B is I and using B and D

. We may therefore conclude that the slope of the line
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x-arns

remains the same and is independent of where we measure it on the line.

Think and Reflect

1. Consider the point on the line AB whose x-coordinate ,s 8. What is the
y-coordinate of this point? Express this as an ordered pair.

2. What is the xroordinate of the point on the Iine AB whose y-coordinate
is 6? Express this as an ordered pair.

Example 5: Consider the straight line that passes through A(-1,0),
B (1, 2), and C (4, 5). PIot the points and find the slope of the line.

y-a&s
6

5

4

2

c (4,

3

B(1,

P

A(-1,0)

-2 10 t234s67
-1

Fig. 13.9

Take any tlvo points, say B and C, and flnd the ratio of vertical step
(rise) to the horizontal step (run).

Hence, srope = SB=i*=,
It may be verifled that we will get the same slope by considering any

two points.

Erample 6: Consider the line in Fig. 13.10 which passes through
A(-4 5) and B(-1,2). Find the slope of the line.
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A

-6 -5

y-axis

x-axrs

-2 -70
-1

72

Fig. 13.10

If we denote the points A(-4, 5) and B(-1, 2) as (x1, y1) and (x2 yr)
respectively, then

srope=ffi =#;=t'=-r.
If we do the reverse, taking B(-1, 2) as (xf yr) and A(-4, 5) as (xr,yr),

then

Slope PA 5-2
1PB -4-(-1) -3

Hence the slope remains the same irrespective of the order in which
we choose the points.

In general, if (x,yr) and (xr,yr) are two points on a line, the slope is

given by the expression {}, unO it remahs the same for any tlvo

points on the line. There is a simple and elegant proof of this result
which you will see below.

13.3.2 Slope,Intercept Form

in the chapter on linear polynomials, we were introduced to the fact
that in the linear equation ! = mx + d, 'm' represents the slope or
steepness of the line while 'd' represents the y-intercept, that is, the
length cut off by the line on the y-axis from the origin. Thus,y = 7a;x + I ig
also referred to as the slope-intercept form of a line.

3
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But why does 'm' represent the slope? To understand this let
us consider tlvo points A(xl, y1) and B (x2, yr) which Iie on the line
y = mx + d. Since they satisff the equation we get, yl = rnxl + d and
!r= mxr+ tr.

Now the slope of the line passing through the points A and B is

Jz-lt -(mxr+ 
d) - (mxr+ d1 ntx. - rtx. ,n(x" - x.l

Xr- X, Xr- X,Xr- X, Xr- X,

This is the reason why we can just read off the slope of a Iine if its
equation is in the formy = mx + d. This also shows that the slope m of

a line with equation y = mx + d.is given by 
y#for 

any tlvo points

(x,, y,) and (xr, yr) on the line, regardless of which points they are.

Note that the standard form of the equation of a line s.{ + by + s = Q

can be rewritten as

by = -ax - c or y = -f * -f, , o * ol,

which is of the formy = mx, il.Here m = -* ,na a = -9'b -"-- b
Hence y = mx + d is another form of expressing the linear equation

ax * W, c = 0, provided b + 0.

Consider the line 5x +y = 3. Rewrite it asy = -5x + 3. Can you now flnd
its slope? What does it mean?

In y = -5, + 3, m = -5 is the slope, which means for every increase
of 1 unit in x,y decreases by 5 units. d = 3 is they-intercept which means
the line crosses the y-axis at (0, 3).

Let us make a table of values to draw its graph.

Plotting the ordered pairs A(0, 3), B(1, -2), c(-1, 8) and drawing the
line through them we get the graph ofy = -54 + 3.

Think and Reflect

can you use the points A, B and c to verify that the slope of this line is
indeed -5?

0 1

3 6Ex
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c(-1, 8)

\
\6

3

2

A(0,3)

1

-4 -3 -2 -1 0

-1
B(1, -2)

fig. 13.i, j cmph olthe lineat equatlony - -5x + 3

Let us further explore the geometrtcal meaning of the slope of a line
], = nrx + d. To do thls we will consider the followlng cases:

1. Posltlve Slope (m > 0). The llne goes upward from left to right.
As x lncreases, ) lncreases. Iny. 2a + 1, the slope is m = 2. It
means for every unit you move.to the right, you also go up
2 unlts.

2. Negative Slope (m < 0). The llne goes downward from left to rlght.
As x increases, y decreases. Iny = -3* + 4 the sloPe ls m - -3. It
means for every unit you move to the right, you go down by
3 units.

3. Zero Slope (m = 0). In this case the line is horizontal and paraUel to
the x-axis. That is,y rematns constant asxchanges. Forexample, in
y=S,theslope=m=0.

7 2 34

-3

10o Ganita Mo4iari I cmde I I Part II
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y=s

<F-.---+...'....-
-4-3-2-70

--.-.=--'-<->

6

4

3

2

1

x-axts

4

-1

Ftg. 13.12: Graph ofy = 5

Undefined Slope. Here the line is vertical and parallel to the
y-axis. x is constant as.;l changes. The Iine x = 2 is an example. But
it is not of the formy = mx + d. While calculating the slope of this
line we get 0 in the denominator. Since division by 0 is undeflned,
we take the slope also to be undefined.

y-axis

-4 -3 -2 -1 1

+_---.}
1234

x=2

x-axis

3
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5

4

3

1

40

-1

rU. I3.r3; Grqh of x = 2
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The following diagrams represent ski hills. Rank the hills in order
of their steepness, from Ieast to greatest.

ABC

80m
60m 60m

70m 110 m 100 m

1

, The ramp at a loading dockrises 2.5 metres over a run of 4 metres
Find the slope of the ramp.

(ii)

Exrncrsr Srr 13.3

3. Find the slope of the line I in each of the following diagrams.

(i)
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(iii) (iv) v

x x

4 An accessi-bility ramp for wheelchairs is to be made alongside
the staircase. The guidelines'given for the slope of the ramp is
1 cm vertical rise to 12 cm horizontal length. What should be the
horizontal length of the ramp if the total height of the stairs is
18 cm?

13.4. Parn oF LTNEAR EeuATroNs rN Two VARTABLEs

e

t260

o

L:l

<90 /-
1, 2+ +, 7
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Think and Reflect

The cost of one paratha and 2 bowls of dahi is t90. Also, the cbst of
2 parathas and 7 bowls gf dahi is t260. Can you figure out the cost ofone
paratha and one bowl of dchd and explain your reasoning?

Do you remember Rakesht puzzle from Grade 7 ? "I have thought of
two numbers", he said. "Iheir sum is 25 and their difrerence is 11". We
solved the problem by making a table and listing possible combinations.
We can also solve this using a pair of linear equations.

If the two numbers are x andy, we get the equations

x+y=25 andx-y= 11.

Such problems lead to a pair oflinear eguations in two variables.
A solution to such a pair of equations is an ordered pair
(c, b) that satisfies both equations. How do we find a sohition? We shall
soon see.

Consider another situation. A science exhibition charges an entry
fee that is different for adults and children. Here are the amount paid
by two different groups.

Group A: 2 adult tickets and 3 child tickets for a600

Group B: 3 adult tickets and 2 child tickets for t700
How much do individual adult and child tickets cost?

If the cost of one adult ticket is {x and one child ticket is ry, then:

U+3y=600,3x+2y=lOO.
TNs gives us another pair of linear eguations in two variables.
A solution to these equations will give us the answer that we seek.

Can you see why?

10 15 25 -5

zo 5 25 15.

2518 7 11

First Number Second Num-ber Sum Difference
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In general, a pair of linear equations in two variables x andy can be
written as:

a1x+b1y+cl = 0 and az x + bzy + cz = 0, where ar, br, cr, a, b, c,
are all real numbers, a, and b, are not both zero, and a, and D, are not
both zero.

Given below are some everyday situations. Construct a pair of linear
equations in two variables for each situation:

1. On two different days a family buys movie tickets and snack
' boxes. Let the cost ofone movie ticket be tx and the cost ofone

snack box be }l. Frame a pair of linear eguations in x andy to
represent the following situations:
(i) On the first day, the family buys 2 movie tickets and 3 snack

boxes for t850.
(ii) On the second day, the family buys 4 movie tickets and

1 snack box for t1100.

2. TWo friends, Sahil and Meena, travelled by taxi. Let the fixed
charge for one tixi trip be tx and the additional charge per
kilometre be <y. Frame a pair of linear equations in x andy to
represent the following situation:
(i) Sahil travelled 6 km and paid a total fare of t122.
(ii) Meena travelled 8 km and paid a total fare of t160.

.3. In a sports meet, tickets for adults cost t150 each and tickets for
children cost t100 each. A total of200 people attended the meet,
and the total amount collected from ticket sales was t25,000. (Let
the number of adult tickets sold be x and the number of children's
tickets sold bey.) Erame a pair of linear equations in x andy to
represent this situation.

13.5 Frrnruc SoLUrroNs ro A PArR oF LTNEAR EquauoNs
We have already seen how to solve a linear equation in a single variable.
In order to flnd the solution of a pair of linear equations, we need to
think of methods by which we can reduce the pair to a linear equation
in one variable. In this section we shall study two methods.

Exrncrsr Sm 13.4
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13.5.1 Algebraic Methods for Solving a PaL of Linear Eguations

Think and Reflect
Solve the puzzle and discuss your strategy with
your friends. Can you determine the value
represented by each shape?

z8

l8

2o

1"32a

We note from the first row that the values of 2 triangles and
2 rectangles add up to 28. We may express this as 2T + 2R = 28 or as
T + R = 14. Similarly, the Iast column may be written as 2C + T + R= 22.
Here T, S and C represent the values assigned to a triangle, a rectangle
and a circle respectively.

Since we know that T + R = 14, we can rewrite the second equation as
2C + 74 = 22, solving which, we get C = 4. once you have the value of C,

you can find the values ofthe other shapes. Try it for yourself.

We will now learn tvvo methods for solving a pair of linear
equations. One is called the method of substitution whi-le the other is
referred to as the method of elimination.
Substitution Method: We will demonstrate the method of substitution
by solving a pair of linear equations in &vo variables.

Example 7: Solve the following pair of equations by substitution
method:

7x-1sy=2 (1)

x+Zy=3 (2)

Solution:
step 1: we select either of the equations and express one variable in

terms of the other.
Let us consider Equation (2), that is, x * 2y = 3 and wdte it as

x=3-2J (3)

Step 2: CIearIy, all (x, y) that satisry both the given equations must
also satisfy x = 3 - 2j. Since this relation must hold true in Equation (1),
substituting x = 3 - 2y in it we get

7(3-2Y)-rsY=2

AUAlaTIIHHHEqEIEEIqtrss
c[Eroo
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or
or

Therefore,y = 19 .

Step 3: We can find the value of x by substituting the value ofy in any
of the equations. Let us use Equation (3).

,=r_r(*)=x.
Therefore, the solution of the Equ;tiofi (1) and (2) O - = #,, = B.
To veri$ if the solution is correct, we substitute * = # ,, = ]$, *

Eguations (1) and (2) and check if they are satisfled. Try it for yourself.

Think and Reflect

What if we had expressedy in terms of x, i.e., take Equation (2) and write

Example 8: If two angles of a triangle are x" andy'withy = rLx, and the
third angle is 50', what are the angles?

The three angles of the triangle are x",y', and 50'.

Using the angle sum property of triangles,

xo +11o + 50. = 180. (1)

Also, y=4x. (2)

Substituting the value ofy in Equation (1),

we get x+ 4)(+ 50= 180

or 5x = 130

or x= 26".

Therefore,Y=4x=104".

Elimination Method
Now let us consider the method of elimination for solving a pair of
Iinear equations. This requires us to eliminate one of the variables x or
y. Sometimes it is more convenient than the substitution method. Let
us see how this method works.

21-r4Y -75Y = I
-29Y = -19

f = ] ta - rl. Woutd we still get the same solution?
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Example 9: The ratio of incomes of two persons is 9:7 and the ratio
of their expenditures is 4 : 3. If each of them manages to save t2000 per
month, flnd their monthly incomes.

Since the ratio of the incomes of the two persons is 9 : 7, it means that
for every 9 equal parts of income ofthe flrst person, the second person
has 7 egual parts. If the egual part is x, the incomes ofthe tlvo persons
will be 9x and 7x.

In a similar manne4 we may consider their expenditures to be 4y
and 3y, respectively.

Then the equations formed by subtracting the expenditure from the
income Ieading to a saving of t 2000 are as follows:

9x-+Y=2969 (1)

7x-3Y=2ngg (2)

To solve these by the method of elimination, we proceed as follows:
Step 1: we flrst decide which variable to eliminate. Suppose we wish

to eliminatey from both equations. We multiply each side of Equation (1)
by 3 [the coefficient ofy in Equation (2)], and multiply Equation (2) by
4 [the coefficient of] in (1)1. By doing this the coefficients ofy in both
equations become equal. We get the equations:

27x-t2Y = 6000 (3)

28x - 12Y = $ggg (4)

Step 2: Subtract the LHS and RHS ofEquation 3 from the LHS and RHS
of Equation 4 respectively. Since we are subtracting equal quantities
from equal quantities, we get

(28x - 27 x) - (12y - t2y) = 2ooo.

This step eliminates the variabley, leavin! us with (28x - 27x) = 2000
or x = 2000.

Step 3: Substituting this value of x in (1), we get

9(2000) - 4y = 2000 i.e.,y = 4000.

Hence, the solution of the equations is x = 2000,y = 4000.

Therefore, the monthly incomes of the two persons are t18,000 and
t14,000, respectively.

Let us veriry our solution. The ratio of the incomes is 18000: 14000 =
9:7. Also, the ratio oftheir expenditures = (18000 - 2000) : (14000 - 2000)
= 16000 : 12000 = 4: 3. Hence, the conditions ofthe problem are satisfled.
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Think and Reflect

The method used in solving this problem is called the Elimination Method
because we eliminate one of the variables to obtain a Iinear equation in
the other variable. In the example above, we eliminatedy. Try the same
problem by eliminating x instead ofy. Also try to solve the two equations
using the Substitution Method. Assess the pros and cons of each method.

Example 10: The sum of a two-digit number and the number
obtained by reversing its digits is 66. If the digits of the number difier
by 2, find the number. How many such numbers are there?

Let the ten's and the unitt digits in the flrst number be
x and), respectively. Also let us assume that x is the larger digit and
y is the smaller one. So, the fust number may be written as 10x +y in the
expanded form (for example, 73 = 10 x 7 + 3).

When the digits are reversed, x becomes the unit's digit and
y becomes the tent digit. This numbe4 in the expanded notation, is
10y + I 6o. example, when 73 is reversed, we get 37 = 10 x 3 + 7).

According to the given condition, we have (10x +y) + (10y + x) = 66.
Thus

11(x +y) = $$, 1.g., x+y = $ (1)

We are also given that the digits difier by 2, i.e.,

x-y=z (2)

Solving (1) and (2) by elimination, we get x = 4 andy = 2, so, the
two-digit number is 42.

The number 42 and its reverse 24 when added gives 66, and this is
the unigue solution.

Does a paA of Inear equations always have a unique solution? Can
you analyse this using the Elimination Method? while subEacting the
equations to eliminate a particular variable, if the other variable remains,
then dearly there is a unigue solution. But what if the second variable
gets eliminated too while eliminating the first variable? Can you think of
a situation where this happens?



Think and Reflect

Think and Reflect

What if one of a, b, c, is zero?

Think and Reflect
Does a pair of }inear equations always have either a unique solution or
infi nitely many solutions?
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Consider the Iinear equations
x-y = 10 (1)

10x- toy = 166 (2)

To eliminate x, we multiply the first equadon by 10. But by doing this,
both equations become 10x - 10y = 100. Since both equations are the
same, every solution of 10x - 10y = 199 is a solutidn of both equations.
We know that 10x - 10y = 100 has inflnitely many solutions. Hence, the
given pair of equations has inflnitely many solutions.

Hou, many solutions are there to the equations 
'

10x- 5Y = 20 and rL(- 2), = 8?

Give 3 more examples of pairs of equations that lead to 0 = 0 after
subtraction, and therefore have inlinitely many solutions. Can you find a
simple rule to check when this happens?

Consider a general pair of equations

a{ + blY + cr= 0

arx+bS+sr=g
with a, b, and c, each not egual to 0.

From the discussion above, it can be seen that whenever one of the
equations is a constant multiple of anothe4, the equations are the same
and so have an infinite number of solutions. Suppose this constant
multiple is k, where k is not necessarily an integer but may be any
number. Then

a, = kar, b, = kb r, c, = kc, where k * 0. .

a. b- c.

.or,IlJi;ln.n d,= i= d= k, the pair of equations has inflnitely many



Consider the linear equations
x-y=70 (1)

10x- 10Y = 101 (2)

Multiplying both sides of (1) by 10 gives
10x- 10y = 100 (3)

The Ieft hand side in (2) and (3) are equal expressions, but the right
hand side are not. Hence we cannot find values ofx andy that satisfy
both (2) and (3). Thus, this pair of eguations has no solution!

Thfuik and Reflect
Give 3 more examples ofpairs of equations that have no solution. Can you
find a simple rule to check when this will happen?

When a pair of equations

al+btY+c.=0
aS+bS+sr=6

(with a2 b, and c, all not equal to 0) is such that after suitable
multiplications, we can make

(i) the coefficients ofx of both equations equal, and
(ii) the coemcients ofy of both equations equal

while the constants c, and c, remain unequal, the pairhas no solution.

These conditions mean 01 = ka, b, = kb, cr+ kc2, where k + 0.
a- b, c-

Hence, when 4= t- d, the pair has no solution.

a, b.
When 4 = 6;, both thevariables geteliminated duringthe Elimination

Method. Based on what happens to the constants, the pair can either
have an inflnite number of solutions or no solution.

We have already seen that when one of the variables remains during

the Elimination-Method, there exists a unique solution. This can happen
-a-b.onlywhenE*D;.

Summarising, we have the following cases:
a- b,

1. when or + 
rJ, the pair has a unique solution,
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a. b- c.
2. when E= i= . , the pair has an infinite number of solutions, and

3. when ?,='trZ,the pair has no solution.

Think and Reflect

Are the converses of the above statements true?

Think and Reflect

Can there be methods other than elimination and substitution to reduce
a pair of linear equations in tvvo variables to a linear equation in one
variable? If so, describe them.

A Pinch of History

Solving systems of linear equations is one of the oldest problems in
mathematics, going back thousands ofyears. The earliest traces appear
in Babylonian cuneiform tablets (c. 2000 BCE). They were studied
systematically in ancient China; the Nine Chapters on the Mathematical
Art (compiled roughly two thousand years ago) devotes an entire
chapte4 fangcheng, to systems of linear equations, solved by arranging
coefficients in columns of counting rods and then combining columns
to cancel out variables-a procedure essentially identical to modern
elimination, fully eighteen centuries before Gauss's name became
aftached to it in Europe. Many Indian mathematicians, including
Aryabhala (499 cE) and Brahmagupta (628 CE), also studied general
systems of equations in several unknowns using their own systematic
reduction techniques including elimiriation.

13.6 Gnaprucar, METrroD FoR SoLVING A Pan oF LTNEAR

Egueuoxs IN Two VARIABT.P.S

In this section, we learn how to solve a pair of linear equations
graphically, that is by plotting the lines represented by the two
equations.

ll2 Ganita Manjari I Grade 9 | Part II

Thus, (1), (2) and (3) can be used as simple rules to check for the nature
of solutions.
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Consider the following pairs of linear equations in two variabies.
Pairl: 2x+y- 6andx-) = 2

Pair2: x+) - 4and Zx+2y =8
Pair 3: 3x 2y = 6 and 6x 4y = 12

Pair 4: x -Zy = 4 and 2x - 4y = 6

For each pair, prepare a table of values (with at least two ordered
pairs). Plot the points on the Cartesian plane. Draw the straight lines.

Think and Reflect
How do we find solutions from &e graph? What can we say about the
numler of solutions when the two lines (i) intersect at a point, (ii) are
parallel, (iji) are coincident?

0

,) 0

0 3

-4

Solutions to the pair of eguations are points that lie on both lines.
Thus

(i) when the lines intersect in a single point, there is a unigue
solution;

(ii) when the lines are parallel, there are no solutions; and
(iii) when the lines are coincident, there are infinitely many

solutions.

Example 11: Solve the pair of linear equations x + 3y -- 6 and
2x -3y = 12 graphically. Comment on the nature of the solution.

Consider the equation x + 3y = 6. Expressingy in terms of x, we get

y=6-x.
Considering x to be first 0 and then 6 we obtain the corresponding

vdlues ofy as 2 and 0 respectively. Hence (0, 2) and (6, 0) are points on
the line.

Now consider the equation 2x- 3y = 12. F,xpressingy in terms of x, we

gety =b =12 
. considering x to be 0 and then 3, we obtain the values of

y as -4 and -2 respectively. Hence (0, -4) and (3, -2) are points on the line.

x

v

x

v

6
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Now plot the points A(0, 2), B(6,0), P(0, -4) and Q(3, -2) on a graph
pape4 and join the points to form the lines AB and PQ as shown in
Fig. 13.14. We observe that the point B(6,0) is common to both the lines.
In fact the lines AB and PQ intersect at B. So, the solution of the pair of
Iinear equations is x = 6 andy = 0. Also, we can say that the given pair of
equations has a unique Bolution.

Fi$. 13.14: Graph of the pair of linear equations x + 3y = 6 and2x - 3y = 12.
They have the unique solutton (6, 0) or x = 6, y = g

If we consider the ratios of the corresponding coefficients and

constants in the equations x + 3y = 6 and 2x - 3y = tZ, we getfr= I,
*,= +=-1. Here #,-oi *"have also seen graphically that the lines

intersect.

Example 12: Determine if the lines x +2y-4= 0 and 2x+ 4y-t2=O
intersect, coincide or are parallel to each other. Then verify your answer
by graphing the equations.

On comparing the coefficients of these rwo equations we getl= 
+,b, Z I c., 4 1-.. a, b,. c.

,,= i= i'q= i = t. w" observe that 4 = 4 but is not equal to 7i.
Thus, the equations have no solution and hence the lines are parallel.

As before, we identi$ the points (0, 2) and (4, 0) on the line x + 2y - 4 = 0

4

2 0

x 0
I

v
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Similarly we find tlvo points on the line 2x + 4y - 12 = 0, say, (0, 3)
and (6, 0).

To represent the equations graphically, we plot the points R(0, 2)
and S(4, 0), to get the line RS and the points P(0, 3) and Q(6,0) to get the
line PQ.

Pig. 13.15: Groph ofthe pair oflinear equations 2x + 4y-12=0andx+ 4-4= 0

We observe in Eig. 13.15 that the lines do not intersect anywhere
and are parallel.

Example 13: Romila went to a stationery shop and purchased
2 erasers and 3 A4 sheets for t9. Her friend Sonali saw the new variety
oferasers and A4 sheets Romila bought, and she also bought 4 erasers
and 6 A4 sheets of the same kind for t18. Represent this situation
graphically.

Let us denote the cost of a erasers by tx and one A4 sheets by
}l. Then the algebraic representation is given by the equations
2x + 3y = 9 and 4x + 6y = 18. writing these equations in standard form we
Eetzj( + 3y-9 = 0 and4x + 6y- 18 = 0.

ilm rllta

x I 0

v 3
I

0

Think and Reflect
Can you prove that trvo lines of equal slope are parallel?
(Eint Consider the equations of the two lines to bey = mx + d, andy = 77xy +



Ftg. 13.16: Graphs of the pair of linear equations
2x + 3y = 9 and 4x + 6y = 18. The two lines coincide

We find that both equations are represented by the same straight
Iine. On comparing the coefficients of the two equations we flnd that

9:-Z-L br-
q- 4- 2'b2-
of lines has inflnitely many solutions.

1. Form a pair of linear eguations for each of the following
problems and find their solutions.
(i) The sum of two integers is +5 and their difference is -21.

Find the tlvo numbers.
(ii) The difference between two numbers is 26 and one number

is three times the other. Find the numbers.
(iii) The coach of a cricket team buys 7 bats and 6 balls for t8880.

Late4 she buys 3 bats and 5 balls for t4000. Find the cost of
each bat and each ball.

(iv) The taxi charges in a city consist of a fixed charge together
with the charge for the distance covered for every km. For
a distance of 10 km, the total amount 'paid is t155 and for

3=
6

1c, -9 1 ,.,
;,E= iB= i which represents the fact that the pair
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a journey of 15 km, the total amount paid is t220. What is
the fixed charge and the charge per km? How much does a
person have to pay for travelling a distance of 25 km?

(v) A fraction becomes equal to 9 if Z ir added to both the'11
mrmerator and the denominator. If 3 is added to both the

numerator and the denominato4, it becomes equa to !. fina
6

the fraction.

(vi) If we add 1 to the numerator and subtract 1 from the
denominato4 a fraction reduces to 1. It becomes equal to

1if we add 1 onlv to the denominator. What is the fraction?2'
(vii) Five years ago, Nuri was thrice as old as Sonu. Ten years late4,

Nuri will be tndce as old as Sonu. How old are Nuri and Sonu?
(viii) The sum of the digits of a two-digit number is 9. Also, nine

times this number is twice the number obtained by reversing
the order of the digits. Find the number.

(ix) Meena went to a bank to withdraw ?2000. She asked the
cashier to give her t50 and t100 notes only. Meena got
25 notes in all. Find how many notes of t50 and 4100 did she
receive?

(x) A lending library has a fixed charge for the first three days
and an additional charge for each day thereafter. Saritha
paid t27 for a book kept for seven days, while Susy paid t21
for the book she kept for flve days. Find the fixed charge and
the charge for each extra day.

Form a pair of Iinear equations and find their common solutions
graphically.
10 students of Grade I took part in a Mathematics quiz. If the
number of girls is 4 more than the number of boys, flnd the
number of boys and girls who took part in the qu2.

a, b,
ar'br' [, ,o a.,".*ine whether the lines3. Use the ratios

representing the following pairs of linear equations intersect at
a point, are parallel or are coincident.
(i) 5x-4Y+ 8= 0; 7x+ 6Y-9 = 0
(ii) 9x+ 3y +t2= 0; 18x+ 6y +24=0
(iii) 6x-3y + 10 = 0; 2x-y + I = 0
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4. Which of the following pairs of linear equations have solutions?
If they have solutions, flnd them graphically.
(i) x+y=5,2x+2y=!0
(ii) x-Y=8,3x-3Y=16
(iii) 2x +y-G = 0, 4x -Zy - 4 = 0
(iv) 2x -2y - 2= 0, tlx-4),- 5 = 0

5. Half the perimeter of a rectangular garden, whose length is 4 m
more than its width, is 36 m. Find the dimensions of the garden.

6. Given the linear equation 2x + 3y - 8 = 0, write another linear
equation in two variables so that the graphs of the pair formed
represent (i) intersecting lines (ii) parallel lines (iii) coincident
Iines.

7. Here is a problem tiat was posed by Mahaviracharya in
Ganfta sAra saigraha (c. 850 CE).

The price of 9 citrons and 7 fragtant wood-apples taken together
is 107; and the price of 7 citrons and 9 fragtant wood-apples
taken together is 101.

O mathematician, tell me quickly the price of each citron and of
each fragrant wood-apple.
(Hint: The given problem can be modelled as

9x+7y=7o7
7x + 9y = 7O7

Can you flgure out a way of solving these equations without
directly using elimination or the substitution method? What
is special in this pair of equations? The x andy coefficients are
interchanged in the 2 equations.

What will happen if we add the pair of eguations? What will
happen if we subtract the pair of equations? Can the resulting
equations be solved to flnd the values ofx andy?)

8. 5 pencils and 7 pens together cost t50, whereas 7 pencils and
5 pens together cost {46. Find the cost ofeach pencil and pen.

9. Find the height ofthe stool.

cm
25 cm
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1. The graph ofthe liney = 3x, passing through (0, 0) and (2, 6) is
given below.
(i) Identi$ the slope of the line from the graph and explain

how you calculated it using the two points on the line.
(ii) What is the y-intercept of the line? Explain its sigrifcance.
(iii) A water tank is being filled so that the water levely (in cm)

after x minutes follows this graph.

(a) How high is the water after 5 minutes?
(b) How many minutes w"ill it take for the water to reach a

height of 21 cm?
(iv) Without drawing a new graph, determine whether the point

(4, 10) Iies on this line. fustiS your answer.
(v) Plot the point where this line intersects the Iine x = 3. Explain

how you found the coordinates.

I
I

11 Ifl

I
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2. In countries Iike the USA, temperature is measuredin Fahrenheit,
whereas in countries like India, it is measured in Celsius. Here
is a linear equation that converts Celsius to Fahrenheit:

r=9c*sz
5

(i) Draw the graph of the linear eguation above using Celsius
on the x-axis and Fahrenheit on the y-axis.

(ii) If the temperature is 30 "C, what is the temperature in
Fahrenheit?

(iii) If the temperature is 95'F, what is the temperature in
Celsius?

(iv) If the temperarure is O'C, what is the temperature in
Fahrenheit and if the temperature is 0 'F, what is the
temperature in Celsius?

(v) Is there a temperature which is numerically the same in
both Fahrenheit and Celsius? Ifyes, find it.

3. Solve the following system of equations graphically:

2x+y=6,2x-y-2=0.
4. Find the point of intersection of the lines shown on the cover

page.

5. Give a formula to find the x-intercept of the line y = fia + c.

6. A person is choosing bewveen two mobile plans.
Plan A: t50 monthly fee + 40.20 per minute of call time.
Plan B: 130 montNy fee + t0.30 per minute of call time.
For how many minutes of calling per month is Plan A cheaper
than Plan B? For how many minutes is PIan B cheaper? Also find
the numler of minutes at which both plans cost the same.

7. How many lines exist that
(i) have a given slope?
(ii) have a given slope and pass through a given point?

8. For what values ofp does the pair of eguations given below have
a unique solution?

4x + py + 8 = 0; 2x+ 2y * 2-- O.
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9. Find the values of a and b for which the following system of
equations has inflnitely many solutions:

(a + b)x -Zby = 5a + 2b + 1; 3x-), = 14.

10. Find the value of 'lC for which the following system of equations
represents a pair of coincident lines:

x+2y=3; (k- 1)x + (k + 1)y = k + 3.

11. (i) Robot l startsfromthe originandtraces a path byrepeatedly
moving 3 units to the right and then 4 units upward. Robot
2 starts ftom the point (10, 0) and repeatedly moves 1 unit
to the right and then 2 units upward. Will the paths traced
by these two robots intersect and if so, where?

(ii) Robot 1 starts from (3, 0) and traces a path by repeatedly
moving 5 units to the right and then 5 units upward. Robot
2 starts from the point (7, 0) and repeatedly moves 5 units to
the right and then 3 units downwards. Will the paths traced
by these two robots intersect and if so, where?

*72. At a certain time, Jacob notices that his digital watch reads 'a'
minutes after two o'clock. Fifteen minutes later, it reads 'b'
minutes aftcr three o' clock. He noticed that a is six times greater
than b. W]iat time was it when he looked at his watch for the
second time?

*13. The sum of the digits of a tlvo-digit number is 15. The number
obtained by interchanging the digits exceeds the given number
by 9. Find the number.

*74. In a cyclic quadrilateral ABCD, ZA = (x + 7)', lB = (y + 8)",
lC= (3y + 23)'and zD = (4x + 12)'. Find all four angles ofthe cyclic
quadrilateral.

+15. A train moving with uniform speed for a certain distance takes
6 hours less if its speed is increased by 6 km/hour. It would have
taken 6 hours more had its speed been decreased by 4 km/hour.
Find the distance travelled and the speed of the train.

*16. The age of a father is equal to the sum of the ages of his four
children. After 20 years, the sum of the ages of the children will
be twice the age of the father. Find the age of the father.
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CHesrsn Suuuenv

An equation of the form ax * D + c = 0, where a, b and c are real
numbers, such that a and b are not both zero, is called a linear
equation in two variables.
A linear equation in two variables has infinitely many solutions.

An equationy = mx + d is the slope-intercept form of a linear
equation in two variables. Here 'm' represents the slope and 'd'
they-intercept. The line cuts the y-axis in the point (0, d).

Every point on the graph ofa linear equation in two variables is
a solution of the Iinear equation. Moreove4 every solution of the
Iinear equation is a point on the graph ofthe linear equation.

A pair of linear equations in tvvo variables can be represented,
and solved, both algebraically and graphically.

A pair of linear equations can be solved algebraically using the
Method of Substitution or the Method of Elimination.
If a pair of Iinear equations is given by a,x + bty + cl= 0 and
arx + bry + cz = 0, then the following cases may arise:

. *r-*r,In this case, the pair of linear equations has a unique

solution.

" *,=t-Ztln this case, the pair of linear equations does not

have a solution.

" A = *,= ! : rn this case, the pair of linear equations has

inffnitely many solutions.
The graph of a pair of linear equations in two variables is
represented by tlvo lines.
. If the lines intersect at a point, then that point is the unique

solution of the tlvo equations.
. If the lines coincide, then there are inffnitely many

solutions, each point on the line being a solution.
" If the lines are parallel, then the pair of equations has no

solution.


