Math of Space:
Surface Area and Volume

In the previous grade we explored nets of some solids including cubes,
cylinders, and cones. We saw that solids have a surface and occupy
some space or volume, In this chapter, we will learn how to determine
surface areas and volumes of cuboids, cylinders, cones, pyramids, and
spheres, and how we can use these to solve some interesting problems.

14.1 CuBoIDS AND CUBES

s

Fig. 14.1A: Cuboid bricks Fig. 14.18; Rubik’s Cube  Fig. 14.1C: Cuboid

A cuboid has the shape shown in these picrures. A useful way of
thinking about a cuboid is that it is a ‘three-dimensional (3D) version®

of a rectangle. =
It has six faces, all rectangies. It is characterised by three quantities:

length, width, and height — these are denoted by [, w. h respectively.
You can cut out the net of a cuboid
given at the end of the textbook, make
appropriate folds and join the edges to

form the cuboid.

What 15 the total surface area of a
cuhoid? You may refer to the net of the
cuboid given in Fig. 14.4.

Considering the faces individually,
we see that the total surface area (TSA)
of the cuboid is Fig. 14,2

TSA = 2(wl+ hl + hw).
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Volume measures the amount of three-dimensional space an
ahject or a container occupies. It 1s measured in cubic units, e.g., cubic
meters (m*) or cubic centimeters (cm?®). We set the volume of a unit cube
(i.e., a cubold measuring one unit in each direction) 1o be one cubic unit
{e.g., 1 m*or 1 cm®, as the case may be). The volume of a general cuboid
is the number of unit cubes that fit into it. Accordingly, the formula for
the volume V¥ of a cuboid 1s length = width = height or

V= hwh,

Compare the formula for the volume
of a cuboid with the formula for the
area of a rectangle (length = width).

Here is a way of understanding
why the formula V = lwh is true:
think of a cuboid as a large number
of thin rectangular pieces (length
I, width w} stacked on top of each
other, like a pack of playing cards.
(Fig. 14.3).

Think and Reflect

Try to work out for yourself why this model explains the formula far
the valume of a cuboid, ie., '

volume = area of base = height.

Write the formula for the surface srea and the volume of & cube.

A particular and important case of a cuboid iz a
cube, whose length, width, and height are the same.
This length is the ‘side’ of the cube.

Let the side be a. Then:
* Total surface area of the cube is Ba*.
*  Volume of the cube is @2, Fig. 14.4

Observe how these two formulas are special cases of the formulas
20wl + M + hw) and whi when w=h= |,
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Do vyou remember cube numbers? Cobe numbers are the
numbers in the sequence 1, 8, 27, 64,.... These numbers represent
the number of unit cubes thar can fit inside cubes of side lengths
1, 2, 3, 4,..respectivelyv—In other wards, they represent the
volumes of these cubes. We know that 13 =1, 2*=8 3=27 4'=64, ...; and
M =1,48=2327 23,364 =4 and soon.

Example 1: Two solid objects are made from the same material:
Cube A has side 6 cm and Cuboid B has dimensions 9 cm = 6 cm = 4 cm,
Compare their volumes and surface areas and determine which
ohject has a greater surface ared. How is this useful in a real-life
situation?

For Cube A, side (a) = 6 cm.

Hence its volume is @ = (6 cmP = 216 cm® and surface area [SA) is
B6a* = 6 = (6 cn)* = 216 cm?,

For Cuboid B, length (1) = 9 em; width (w) = 6 cm; height (h) = 4 em,
Henceitsvolume is[=w=h=9= f=4 = 216 cm?

and surface area {SAYis 200w + wh + 1) = 2[(9 = B) + (6 = 4) + (4 = 9]]
= 228 crn’,

Thus, the two objects have the same volume bur different surface
areas. The cuboid has greater surface area than the cube.

Conclusion: For the same storage capacity: a cube requires less
covering material; a cuboid exposes more area to its surroundings.

This concept is important in packaging, heat transfer and

engineering.

1.  The volume of a cube is 64 cm®. What is its total surface area?

2.  How many small cubes with side 20 cm can be packed tight ina
cubical box with side 2 m?

3. The dimensions of 4 godown are 40 m = 25 m = 10 m. If it is filled
with cuboidal boxes, each of dimensions 2 m = .25 m = 1 m, then
find the number of boxes.

4, Two cubes each of volume 125 cm? are joined end to end. Find
the surface area of the resulting cuboid.
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w

A cube of side 4 cm is cut into cubes of side 1 cm. What is the
ratio of the surface areas of the original cube and all the cut-out
cubes? (Note that there is no change in volume but a big change
in the surface area. This property has major consequences in the
hiological world.)

6. The surface areas of the three [aces of a cuboid that meet at
one of the corners of the cuboid are 6 cm’, 15 cm?, and 10 cm?
respectively. What is the volume of the cuboid?

*7. A cube of side 5 cm is painted on all its faces. If it is sliced into
1 cm? cubes, how many of these 1 cm?® cubes have

Sem 1 em

E—— P e ——
Tesm beam 1omm e 1em

ey

(i) exactly three faces painted?
(it} exactly two faces painted?
(iii)} exactly one face painted?
(iv} noface painted?

*8. Find a cuboid with edges whose lengths are integers (in cmy),
given that it has a total surface area of exactly 100 cm?,
(i) Isthere more than one such cuboid?
{ii) Camn you find them all?
(i) Show that you have found them all

Thinkand Ilaﬂm:t

Suppose a swimming pool is !Jemg I:rmlt in your s:huul Two choices are
available for the dimensions of the pool: (A) & ft {depth) = 50 ft = 20 ft-and
(B} & ft (depth) = 100 ft = 15 f. Which option would bé suitahle/fappropriate
for your schonl? Why? What parameters/aspects did you consider to make
the cholee? [1 cubic foot = 283 litres]
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14.2 RiGHT CircULAR CYLINDER

The [ollowing ligures show different types of cylinders. What is different
in each of these cylinders?

Right circular cylinder Obligue circular cvlinder

The first one is a right circular cylinder. The term circular indicates
that the cross-section of the cylinder is a circle, while the term right
signifies that the axis of the cylinder is perpendicular (o its circolar base,
Many pipes have this shape. It is worth noting that not all cylinders
are of this type. Some cylinders may have axes that are inclined rather
than perpendicular to the base. The second one is an oblique circular
eylinder. We restrict ourselves to the study of the right circular cylinder
only. You can cut out the net of a cylinder given at the end of the textbook,
make appropriate folds and join the circles to form the cylinder.

We used the word cross-section above. Given a three-dimensional
object, suppose we take an extremely thin slice of it. The shape we get is
called & ‘cross-section’ of the object. In the case of a cylinder, if the slice is
parallel to its base, we get a circular cross-section. But if the slice is parallel
to the axis of the cylinder, we get a rectangular cross-section. Generally,
we are interested in the cross-section that is parallel to the base.

Examples of cross-sections are shown in the following figure.

= Q ©
® ® ®

Cylinder Papaya Apple
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When doctors take an MRI scan of some part of your body, it is like
taking a cross-section because it allows them to look at the inside of
your body in slices.

What is the area of the curved surface of a cylinder?

Lel the radius of the circular base of the cylinder be r; let its height
be k. Suppose the cylinder is cut as shown in the figure below. We get a

rectangle.
Fig. 14.54
Therefore, the curved surface area of the cylinder is the area of the
rectangle.

* The curved surface area (C3A) of the cylinder is
CSA = circumference = height = 2arh.

If the cylinder is closed at both ends (rop and
bottom] fike a biscuit tin (see Fig. 14.58), then the flat
circular surfaces at the ends also contribute o the
area. Since there are two ends,

total surface area (T5A) = Znrh + 2
=2nrth + r).
» Ifthe cylinder is closed at one end and open at Fig 14.58
the other end, like a tumbler, then
surface area = Zmrh + mr? = ar(Zh + r),
¢ The volume ¥ of the cylinder is
V= cross-sectional area = height = m*h
14.2.1 Another Way of Understanding Why the
Above Formulas Are True

To understand why the formulas for the surface ares
(curved part) and the volume of a cylinder held, it helps
to think of the cylinder as a large number of thin circular
khakhras stacked on one another
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Example 2: Savitri had to make a model of a cylindrical kaleidoscope
for her science project. She wanted to use chart paper to
make the curved surface of the kaleidoscope (see Fig, 14.6).
What would be the area of chart paper required by her, if
she wanted to make a kaleidoscope of length 25 cm with a
22
7 Fig. 148
Radius of the base of the-cylindrical kaleidoscope (r) = 3.5 cm.
Height (ength) of kaleidoscope (h) = 25 cm.
Ared of chart paper required = curved surface area of the kaleidoscope
= 2mrh
=7 % * 3.5 % 25 em®

= 550 em*

1. Two cylinders, A and B, are given. The radius of cylinder B is
Twice that af cylinder A, and the height of eylinder B is half thar
of cylinder A. Find the ratio of the curved surface area of A Lo the
curved surface area ol B, Also [ind the ratio of the volume of A to
the volume of B.

2. The radii of two cylinders are in the ratio 2:3, and their heights
are in the ratio 3:2. Find (a) the ratio of their volumes, and (h) the
ratio of their curved surface areas.

3.5 cm radius? You may take =

3. The edge of a cube measures r cm. The largest possible right
circular cylinder is cur out of the cube. What do you think is the
volume of the cylinder (in cm*?

*4. The radius of the base of a cylinder is increased by 10%, Al the
same time, the height of the cylinder is decreased by x%, Given
that the volume of the cylinder remains unchanged, find the
value of x.

5. Asolid metallic cube of side 12 ¢m is melted and recast into solid
cylindrical rods, each having radius 2 om and height 12 cm. Find:
(i} the volume of the cube,
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(if) the volume of one cylindrical rod,
{(iii) the approximate number of complete cylindrical rods that

can he formed. {?r = Eﬁ

14.3 CoNES

Fig 1474 Fig 1478 Fig: 14.7C

A right circular cone is generated when a right triangle is rotated about
one of its legs. The relationship among the slant length [, the height h,
the radius r of the base is

F = k* + r* (fusing the Bandhayana-Pythagoras theorem)

Eight circular cone Unroled cone
Fig. 148

Imagine cutting the cone along a slant edge and “opening up’ or
unrolling the surface, The unrolled surface has the shape of a sector
of a circle. To create the cone again, bring the two straight edges
together. You can use the cutout of the net of a cone given at the end
of the textbook to make a cone.

What is the curved surface area of a cone?

The formula for surface area becomes clear if we imagine cutting
the cone along a slant edge, unrolling the surface, and cutting it up into
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a large number of very thin sectors, each of which can be regarded as a
narrow isosceles riangle of height [ (Fig. 14.9).

(ak il el
Fig, 14.9
From Fig. 14.9, it follows that the curved surface area (C5A) of the
cone is equal to
g~ ipq.1 P S I
L5A = gh.“ Eﬁ:? toe E!Jﬁf = zm, b, + -+ Bl

= i * circumferonce of the base = |

- %E 2 nr)l = srd
Here is another way of working out the formula for the curved
surface area. We have, from the formula for area of a sector of a circle,
2 e
SA=a *apm 360°
Let us try to express this farmula in terms of rand L For this, note
that from the cone, we have,
arclength =g =2,

and from the sector, we have

smatelx

are length =5 = % = 2mL
Equating these two, we gef

e r

360° I
From this, we see that the curved surface area is
CSA =7l

the same formula as earlier The formula for the total surface area
(TSA) (curved portion plus the flat base) is TSA = mrl + mrs,
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What is the volume of 8 cone? It nurns out that

= % i B

The volume formula tells us that the volume of a cone is EIEEU}"%
the volume of a cylinder formed on the same circular base and with
the same height as the cone. The formula may be expressed in different

ways, e.g.,
¥ —% =area of base = height.

2 e 1
Students often wonder about the factor of 5 in this formula. Why 52
To explain the reason for this factor requires more advanced methods,
e.g.. caloulus, which you will study when you are in Grade 12.

But it is possible to experimentially verify this relationship. Let us
start with a right circular cylindrical tin, Using paper, we make a right
circular cone with the same base radius and the same height as the
cylinder (see Fig. 14.10).

Fig, 14.10

We are now going to perform an experiment to find the volume of
the cone. We need some clean fine-grained salt for this purpose,

Fill the cone to the brim with salt. Emptv it Into the cylinder. We
find that it fills up only part of the cylinder. Fill the cone with salt to
the brim again and empty it into the cylinder. We find that the cylinder
is still not full. When we fill the cone with salt for the third time and
empty it vet again into the cylinder, we find that the cylinder is full to
the brim.

We can therefore conclude that the volume of the cylinder is three
times the volume of the cone, That is, given a right circular cylinder and
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a right circular cone of the same base radius and the same height, the
cone has one third the volume of the cylinder. This gives an experimental
verification of the formula given above,

Here is another hands-on activity that uses modelling clay (earlier
this used to be called “plasticine’). Carefully mold the clay into a solid
cylinder and measure its radius and height. Then reshape the same
portion of clay into identical cones, each having the same radius
and the same height as the evlinder. You will find that you are able
to make exactly three such cones, This brings out the relationship
between the volume of the cylinder and cone guite visibly

V= % = area of base = hefghr.

The formula for the volume of a cone was first found by the Greek
mathematician Archimedes (c. 225 BCE). He also derived formulas for
the surface area and volume of a sphere (Le., ball), which we will study
in later sections.

Example 3: A right triangle ABC with sides 5 cm, 12 cm and 13 cm is
rotated through 360" about the side with length 12 cm, Find the valume
of the solid so obtained.

The triangle has sides 5 cm, 12 cm, 13 em.
Since 5% = 12¢ = 25 + 144 = 169 = 134, the triangle i5a right-angled
triangle with perpendicular sides 5 cm and 12 em and hypotenuse 13 cm.

The triangle is rotated about the side with length 12 ¢m, When a
tight-angled triangle rotates about one of its perpendicular sides, it
forms a right circular cone, Here, height of cone h = 12 cm, radius of
Coner = 5 cm.

Hence, volume of the cone (V) = %m‘*h = %n % 5 %12 = 100 mem”.

For m, use one of the following approximations: m = ?:I,—?' orm=314

1. Find the total surface area of a cone, if its slant height is 21 m and
diameter of its base is 24 m.

2. Find the curved surface area of a right circular cone whose slant
height is 10 em and base radius is 7 cm,
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3. The height of a cone 1s 16 cm, and its base radius 15 12 cm. Find
the curved surface area and the total surface area of the cone.

4. A cone has a height of 15 cm. If its volume is 1570 cm?, find the
radius of the base.

5. The curved surface area of a cone is 308 cm® and its slant height
is 14 ¢m, Find (i) the radius of the base, (ii} the total surface area
of the cone.

6. A joker’s capis in the form of a right circular cone of base radius
7 cm and height 24 em. Find the area of the sheet required to
make 10 such caps.

*7. 'What length of tarpaulin 3 m wide is required to make a conical
tent of height 8 m and base radius 6 m? Assume thar the extra
length of material that is required for stitching margins and
wastage in curring is 20 cm.

8 A right triangle with sides 6 cm, 8 cm and 10 ¢m s rotated through
360° about the side of 8 cm. F'ind the volume and the curved surface
area of the solid so formed.

*0, Suppose you have a cup in the shape of a
right circular cone. Fill it with water to half
the depth of the cone. -

What fraction of the volume of the cup 1s
nccupied by the water?

14.4 PYRAMIDAL SHAPES
A pyramidal shape is of the type shown in the following fipures.

Fig. 14114 Fig. 14.11R

Its base may be a triangle, a square or indeed any closed shape. All
points in the base are connecied to a single point (the apex) which lies
in a different plane, You can make the pyramids by using the cutouts of
nets given at the end of the textboolk.
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The famous pyramids in Egypt have square bases. The puzzle in
Fig. 14.11B (made by the Hungarian architect Ermo Rubik) has a
triangular base.

Some mountains have pyramidal peaks (formed by glacier erosion
over many millennia). In India, there is the Shivling Peak in the state of
Uttarakhand. An example from the Alps is the Matterhorn.

Shivling Peak (Ut arakland) I'he Matterhorn [Swirzerland)

The volume V of a pyramidal shape is found by using the formula
V= %H area of base = height.

The same formula is applicable whether the base is triangular,
square or any other shaped flat surface.

Note that the formula is the same as the one used for the volume of a
cone, Indeed, we may think of a cone as a pyramid with a circular base.

The surface area of a pyramidal shape is found by adding up the
areas of all the polygonal faces. So, we do not need a separate formula
for the surface area.

14.5 SPHERES AND HEMISPHERES

Volleyhall Foorball (Soccer) Lphere
Lastly, we consider a familiar object in daily life: a ball or a sphere.
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This is the three-dimensional (3D) equivalent of a circle. Whereas a
circle is the collection of all points in a plane that are at some given
distance from some given point, a sphere is the collection of all points
in 3D space that are at some given distance r (the radius of the sphere)
from a given point O, the centre of the sphere. If we rotate the circle
about any diameter, we obtain a hollow sphere.

Archimedes showed that the surface area A of a sphere with radius r
is equal todsr®, He did this by showing that the surface area of a sphere
is exactly equal to the curved surface area of a cylinder with radius r
and height k = 2r that fits tightly over the sphere, Fig. 1412

-

Fig. 14.12

The curved surface area of such a cylinder is equal to
2nrh = 2mr = 2r = 4nr?,

This is the formula obtained by Archimedes.
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T

Fig. 14.13; Rectangular map projeciion
Nowree .|1!.'|u:-'..-'-"nr|.h'l'kl'l‘:lr.r!l'a.||.'£-"1|'r'.i.'.;.-".|-'qeljr'.rrrn:ﬂer.'n.'.u:l'_pr'r{l'r"r.‘in.ll-ﬂ'-"mr!r:r'a.-'

J'z'l'ﬂ.'l':'rrlel'.rrl'l.'mgul'ﬂr _.n-:rql_,iuu'ur.lr:l HH-'r'm;:

In passing. we nole that ﬂﬂsrémlnh*uﬁdhl cartograply (map-making),
‘when making a rectangular map ﬁnﬂfﬂmmmﬂﬁmuﬂnﬂu
tightly wrapped around the earth, touching it at the H[mmh:qimm
above, By drawing radial lines from the central north pole south pole
axis, we praject horizantally from the earth's surface to the surface of the
cylinder, Then, we unwrap the cylinder and oltain the desired map, The
resulting world map is rectangular in shape which is easy and convenient
o uge. But it suffers. from an impm‘hhtduﬁmmamﬂipmﬂhwﬁén
mmapuathm:hmmﬂ{nm&e mﬁmpﬂﬁlwmﬁmﬂmmm
equator, the distortion is negligible,

Archimedes also found the formula for the volume ¥V of a sphere:

rud
You will study the derivations of these formulas in later grades,
using calculus.
But you may be able to find your own derivation of the formula by

connecting it with the formula for volume of a cone; namely, by writing it as
V= % = {4mr) =T,

ie., Valume of sphere —% = surface area of sphere = radius of sphere.
Try to work out the connecting links on your owr.
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“Visualising Volume Formula

Here is A way to see the link between the formulas for volume of a cone,
surface area of & sphere and volume of a sphere. Recall that

Volume of cane =%.m_*ea of base = height of cone.

imagine that the entire surface of the sphere is divided into tiny regions.
mwmmﬂmmmmwmtmmuﬂm:mm
very tiny. Now connect all these regions to the centre of the sphere, This
creates a large number of thin cones. They all have the same height, namely
r. The volume of the sphere is equal to the sum of the volumes of all the
cones. Tsing the fact that the cones all have the same height, we may write:

vqhmaufsphue-:i » sum of base areat of all the thin cones
=.§ « surface area of sphere - -E x W'ﬂ%m':'-

14.5.1 Hands-on Activity to Verify the Formula for Surface
Area of a Sphere

Have you ever played with a top?
You must know how a string is
wound around it. Take a rubber
ball and drive a nail into it. Using
the nail for support, wind a string
tightly around the ball. When you
have reached the ‘fullest’ part of
the ball, use pins to keep the string
in place, and continue to wind the
siring around the remaining part of the ball, till you have completely
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covered it; see Fig. 14.14. Mark the starting and fAnishing points on the
string, and unwind the string from the surface of the ball. Now, measure
the diameter of the ball and get its radius. On a sheet of paper, draw
four circles with a radius equal to the radius of the ball. Fill the circles
with the string you had wound around the ball (as shown in the figure),

Fig 14.14

The string, which had completely covered the surface of the sphere,
has now been used to fill the four circles, all with the same radius as the
sphere. So, the surface area of a sphere of radius r is equal to 4 times
the area of a circle of radius r, Le, equal to 47 Hence, surface area of
a sphere = 4mr* where r {5 the radius of the sphere. This experimentally
verifies the stated formula.

14.5.2 Hemisphere

A hemisphere is a three-dimensional solid formed when a sphere is cut
into two eqgual halves by a plane passing through its centre. The [lat
circular region formed after cutting the sphere is called the base of the
hemisphere. A hemisphere has one curved surface and one circular
base. See Fig. 14.15.

Fig. 14.15: Hemispheres

You may also recall encountering the term hemisphere in the
context of the Northern Hemispheres and the Southern Hemispheres
in Geography.

Examples: Bowls, serving dishes, dome-shaped covers, planetarinms
and igloos,
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L.et the radios of the sphere be r. The surface area of the complete

sphere is 4nrs Therefore, the curved surface area of a hemisphere,
which is half of the sphere, is 2rr.

The total surface area (TSA) includes the curved surface and circular
base. The area of the circular base = mr.

Hence TS5A = 2nr + .0 = 3,

Volume of the hemisphere = ém’.

Example 4: A hemispherical bowl has a radius of 3.5 cm. What
wiould be the valume of water it would contain?
The volume of water the bowl can contain

e

i L I

% 3.5 % 3.5 % 3.5cm” = 89.8cm”.

1. A ball bearing has a radius of 0.7 em. Find its surface area.

*2. Two solid spheres made of the same metal have weights 5520 g
and 740g. Determine the radins of the larger sphere, if the
diameter of the smaller one is 5 cm.

3. The diameter of the moon is approximately one fourth the
diameter of the earth. Given that the moon and earth are both
roughly spherical, find the ratio of their surface areas.

4. Find (i) the curved surface area and (ii) the total surface area of a
hemisphere of radius 21 cm.

5. Metal spheres, each of radius 2 cm, are packed into a
rectangular box of internal dimensions 16 cm = 8 cm = 8 cm.
When 16 spheres are packed, the box is filled with preservative
liquid. Find the volume of this liguid. Round your answer to
the nearest integer.

6. The radius of a sphere |5 increased by 10%. Show that the volume
increases by approximately 33.1%.
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*7. The radius of a sphere is increased by x%. The volume of the
sphere increases by 72.8%. Find the value of x.

8. The hemispherical dome of a building needs to be =
painted (see Fig. 14.16), If the circumference of the
base of the dome is 35.2 m, find the cost of painting
it, given the cost of painting is ¥ 10 per 100 cm?. I .

14.6 AREAS AND VOLUMES AROUND Us Fig 14.16

We learned abour different 3D solids. Identify and list objects or
aructures around you that are cubical, cuboidal, cylindrical, conical,
spherical, or pyramidal in shape, or closely resemble these shapes.

Activity: Find the approximate volumes of a gas cylinder, a bucket,
any cylindrical vessel, a cupboard, a water tank that you can find near
vou (use 1000 cm? = 1 litre).

14.6.1 Guesstimates: Did You Ever Wonder?

Guesstimate questions are problems in which you make a reasonable
estimate for a quantity when exact data are not available, Instead of
finding a perfectly accurate answer, ¥you use assumptions,
approximations, logic, and everyday knowledge to model a given
situation and arrive ar a sensible estimate, Do you remember solving
such questions in earlier grades?

Example 5: Lallan’s golgappa (a small
hollow ball made of wheat) stall has a
cylindrical vessel with pani (spiced water)
in it. The vessel is of radius 10 cm and it
has pani up 10 a height of 50 cm. Estumate
the number of golgappas he can serve
assuming all golFappas are spheres. Before
calculating, make a guess.

Can you guess what number this could
be —is it in the hundreds, thousands, or more?

The number of golgappas that can be served is

Total pani in the vessel
Volume of pani in each golgappa
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The amount of paani in the cylindrical vessel is given by V= area of
hase = height.
V = (10)(10) = 50 = 50005 cm®.

To estimate the number of golgappas, two students went about in

different ways:

Stadent 1's caleunlationm

Estmated radius of an average
golgappa is 1.5 cm

Volume of a golgappa = % % 5T 1.5

= 1414 cm®
(neglecting  the  thickness of the
golgappal

Assuming each golgappa s filled
with &0% pant on &an  average,
the volume of paml in a golgoppa
=144 =06 = 8.5 em?

The number of golrappas that can be
SO00

served is = = 1R48.

Lallan can serve about 1850
golgappas with the pani he has.

Stodent 2's calculation

Estimated radius of an average
golgappa iz 1.75 cm.

Volume of a Solpappa = % =7 [1.75)°

= 22453 cm.
(neglecting - the thickness of the

golgappa)

Assuming. each golgappa is filled
with B0% pani on an BVETAge,
the wolume of pani in a goigappa
= 2243 =08 =18 o

The number of golpappas that can be

- 5”1‘:":'” = 873,

served is =

Lallan can serve about 870 golgappas
with the peni he has;

We see that the final answer depends upon the assumptions,
estimations, and approximarions done in the process.

Example 6: Anirban saw a few tennis
balls lying around. He wondered, "How
many tennis balls can fit in an empty
classroom?”, The classroom is of dimensions
30 ft = 30 ft = 15 [t, Estimate how many tennis
balls of radius 3 cm fit in this classroom.
Before calculating, make a guess.

The wolume of the tennis ball is

%RHEBJa’l’lS eie.
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The wolume of the classroom is
30 = 30 = 15 = 13,500 ft* = 37.80.00,000 cm.

Can we [ind the number of tennis =
balls that can fit in the classroom by 1_1:t i Em1
dividing the volume of the dassroom by 11t~ 28317 cm
the volume of a tennis ball? —
1 =30cm
37, B0 00,000

——ﬁj—'ﬂ 3345132 1 [t = 28000 cm?

Mo, the balls cannot fit in the room without leaving gaps in betweern.
Hence this operation will only give an upper bound value, ie., we can
say for sure that we cannot fit more balls than this.

Accounting for these gaps can give a better estimate.

A B C

Fig. 14.17; Theze are someof the ordered ways of packing
spheres in a cuboidal structure

Using the first configuration: Along each side of the room, the
number of balls that can be placed side-by-side along the length is

dl&?:;gf; Eggﬁ ]F}L;;Ilm i % = 150. The same number can be placed

along the width. Along the height, it is 75 balls.

Therefore, 150 = 150 = 75 = 16,87,500 denotes the approximate
number of balls that can [ill the room.

Using the other configurations, we might be able to fit more balls
because of higher packing efficiency.

Malke an estimate based on the second and third configurations.

Note: This is why spheres are not used as basic units o measure
volumes as they leave gaps unlike cubes.
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As we have seen in guesstimate problems, different people majrﬂet
different answers, but the reasoning they use matters the mu;sl. Fuor
sl lgapn i) i el e B o
on among the quan :'
reasonable assumptions, and then caleulate an answer by making
- sultable approximations, m:kﬁci 10 see huw close your intuitive
guess is to your estimate,

For guesstimate problems, make a guess first before solving,

1. Estimate how many scoops of ice cream can be
obtained from a cuboidal container of dimensions
10cm =15 cm = 20 cm.

2. A cube of integer gide length a is made of unit
cubes. Write an expression giving the number of
unit cubes to be added to make a cube of side
length a + 1.

*3.  Solve the following:

{i}) Could a person drink enough water in a
lifetime to fill an entire room the size of
your classroom?

{ii) Estimate the number of bricks used to build

the walls of your classroom.

4. You are given two options: (A) one chocolate
cube of side 50 mm, (B) hundred chocolate cubes of side 10 mm.
Which option gives you more chocolate?

5, If all the people in the world are crowded
together in one location, how much area
would it cover?

6. A school provides milk to its students in
cylindrical glasses, each with a diameter ot
7 cr. If each glass is filled with milk to a
height of 12 cm, how many litres of milk
are needed to serve 1600 students? Use 1000 om?® = 1 litre,

7. The surface area of a sphere of radius 5 cm is five tfimes the area
of the curved surface of a cone of radius 4 em. Find the height
and the volume of the cone,
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8. Take Earth to be a perfect sphere with radius 6370 km. Take
Jupiter to be a perfect sphere with radius 69,900 km. Take the
Sun to be a perfect sphere with radius 6,95 700 km. Compute
approximately:

{1} the ratio of the volume of Jupiter to the volume of the Earth;
(i} the ratio of the volume of the Sun to the volume of the Earth.

(Caleulator can be used.)

9. Show that the volume of a sphere is equal to 3 2 of the volume of
the smallest cylinder which encloses it.

*10. Suppose the Earth is perfectly spherical. A
string is wrapped tightly around the equator
of the Earth. Another string, 1 metre longer,
is placed around the Earth so that it forms a
larger circle, staying the same distance above
the ground everywhere.

How high above the ground is the second
string?
Repeat this for: (i) the Moon (ii) Jupiter (iii) a volleyball. Are you
surprised by the three answers? Why or why not?

*11. We have a cylinder with a base radius of r cm and height h cm.
Asquare pyramid is fitted inside it. The square base of the pyramid
lies on the base of the cylinder, its corners on the boundary of the
cylinder. The apex of the pyramid lies on the top of the cylinder.
Find the ratio of the volume of this pyramid to the volume of the
cylinder

1Z. What is the change in volume when:
{i) the length of a cuboid with dimensions I, w, h is increasad

by 1 unit?
{a) 1 cubic unit (b} (wh + 1) cubic unit
{c} wh cubic units {d) Iw cubic units

(e} Th cubic units
{ii} the radius of a cylinder with dimensions r, h is increased by

1 unit?
(a) 1 cubic unit {(b) mrihcubic units
{c) mrcubic units {d) 2mrh+ 2;h cubic units

(e} 2mrk + mhoubic anits
*(iii) the radius of a sphere is decreased by 1 unit?

*13. Given a cube with volume V, express its total surface area § in
terms of V.
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14

15,

16,

17

18.

*19,

*20:
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of 16 cm. A crow wants to drink water
from this glass. The water must be at a
height of 20 cm for the crow to reach it.
There are some marbles lying around.

Given a cube with total surface area 5, express its volume Vin
How many marbles of radius 1 cm
should the crow drop into the glass to

terms of 5.
A cylindrical glass of height 25 cm and
radius 4 cm has water up to a height

make the water reach the required height?

Find the volume of ink in a new ball point pen. Take the necessary
measurements and make approximations, as necded.

Solve:

(1) A ball of chapati dough of radius
& cm is prepared. Estimate how many
chapatis can be made from ir?

*(ii) Cut a coconutfmuskmelon in half and
find out the approximate volume of

edible coconut flesh/Truit by taking the
necessary measurements.

Looking at the Ganita Manjari, Grade 9, Part 2 textbook, Sheela
wonders:
(il If all the pages of this textbook were laid out side-by-side on
the floor would they cover the entire classroom floor?
(1) What is the maximum number of textbooks that can fitin an
empty storeroom of dimensions 15 ft = 20 fr = 30 fi?

If the entire human population decided
to climb into one giant cube, how long
would the side have to be?

The Earth's surface has an estimated
volume of 1.38 billion km® of water.
Suppose the Earth is a perfect sphere
and all this water forms a uniform
layer completely covering the Earth's
surface, like a thin water bubble.
Estimate the thickness of this water
layer. The Earth's radius is ~6371 km.
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(i) Write an expression that gives the thickness of this water
layer
(11) Simplify the expression in {i) using a calcularor,
*21.  Give the dimension of a cuboid whose volume is halved when its
surface area is doubled.
22, Project: Find the volume of your house making necessary
approximations, Present how you solved it,

CHAPTER SUMMARY

In this chapter, we have studied the following formulas for the surface
areas and volumes of various fundamental shapes.

e
2. Right Circular Curved surface area: 2mrh mrth
Cylinder Total Surface Area of a
: cylinder cosered at one end!
] 2rrh + = a2k + 1)
Total Surface Ares of a
» cylinder coversd at both ends:
] 2arh = 2art = 2arfh + 1)
3, Right Circular Curved surface area: nrl 1 v
Cone 3

Total surface area; mril = r)
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Azr 4
3
5, Hemisphers Curved surface area: Zmr* 2 .
S Total surface area: 2rt + 2
- —
o g
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